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Three related topics

� Equilibria : Where do they come from? Calibration.

� Calibration : Why possible? Unbiasedness in regression.

� Regression : Why does it work? Hannan consistency.



Least squares regression (1801)

� In 1801 Ceres (an asteroid) was found for 3 month and then lost

� On reading this, Gauss used the 24 observations to predict wh ere
it could be found.

� The search area is quadratic in accuracy

� Hence least squares regression was born

Question: Why should least squares on past data predict the future?



Equilibrium: Cartoon de�nition



Equilibrium

� Cartoon de�nition of equilibrium:

{ Leroy Lockhorn: \I'm drinking because she is driving."

{ Loretta Lockhorn: \I'm driving because he is drinking."

� Technical de�nition of equilibria:

{ If everyone else will play the equilibrium, then I should pla y it
also.

{ Holds for all players in a game.

Question: Equilibrium of what process?



Calibration: A form of unbiasedness (1992)

"Suppose in a long (conceptually in�nite) sequence of weath er
forecasts, we look at all those days for which the forecast pr obability
of precipitation was, say, close to some given value p and then
determine the long run proportion f of such days on which the
forecast event (rain) in fact occurred. If f = p the forecaster may be
termed well calibrated." Dawid [1982]

A minimal condition for performance

� On sequence: 0 1 0 1 0 1 0 ...

� A constant forecast of .5 is calibrated

� A constant forecast of .6 is not calibrated

Question: Can calibration be guaranteed?



Bridge players



College students



Answering the regression question

� Predict yt by ŷt = �̂ t � 1 � x t , using ridge regression.
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�
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(Clip predictions if outside range of possible values)

� Guarantee: for all � and all sequences
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(Foster '91, Vovk '01, Azoury & Warmuth '01)

� The \Hannan regret" is sub-linear



Cool trick: Use ŷt as a predictor

Fit yt by ŷt = �̂ t � 1 ŷt + �̂ t � 1 � x t

� Use ridge regression to estimate ^ � t � 1 and �̂ t � 1.

� Must solve a �xed point to compute ^ yt

� Apply previous theorem: (with � = 1)
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k( yt � ŷt ) + � � x tk
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Hence, for � = [0 ; 0; : : : ; 0; 1=
p

n; 0; : : : ; 0; 0],

TX
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( ŷt � yt ) x t;i = o( T )

Called Normal equation in regular regression.



This is calibration

� Calibration, is

1

T

TX

t=1
( yt � ŷt ) w( ŷt ) ! 0

for all w().

� Using w( ŷt ) as regression variables will prove calibration.



Which test functions

� Strong: All bounded functions was original de�nition (Fost er and
Vohra 1997)

{ Needs randomization

{ Di�erent proof than via least squares

� Weaker: only use continuous functions (Foster and Kakade 20 05)

� Weaker still: only use actions played (Foster 2007)

{ Such a forecast has no internal regret .

{ Historically no internal regret was the half way point from
Blackwell's approachability to calibration



The equilibrium question: Learning in games

� Learning models for games:

{ Two players repeatedly play a game

{ Each views the sequence of the other person's plays as data

{ Each predicts what the other play will do

{ Each then plays a best response to the prediction

� Assume each uses a calibrated forecast

� Do they converge to playing an equilibrium?



First answer to equilibria question

Theorem 1 (Foster and Vohra 1998) If all players are using a
calibrated forecast, then the empirical distribution of pl ays will be
close to a correlated equilibrium.

� No internal regret is su�cient for CE

� CE is not as narrow as the more traditional Nash equilibrium

{ Some view the CE concept as more natural than a NE.
(Roger Meyerson states it as \2 out of 3 intelligent species
discover CE's �rst.")

{ On this planet, creator of NE got a Nobel in '95, creator of
CE, got Nobel last year.



Second answer to equilibria question

Theorem 2 (Foster and Kakade 2005) If all players play an
� -smooth response to the same calibrated forecast then each round
play will be close to a Nash equilibrium.

� Stronger than �rst answer since it holds for each round.

� Requires coordination on the forecast.

� Requires weak calibration.



Summary

� How might people come to play an equilibria?

{ Use calibrated forecasts

� How one be calibrated?

{ Add ŷ to regression and use least squares

� Why does least squares regression predict the future?

{ It is Hannan consistent

� Who proved Hannan consistency?

{ Everyone!


