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Abstract

It is widely kno wn that conditional co v ariances of asset returns c hange o v er time.

Researc hers doing empirical w ork ha v e adopted man y strategies for accommo dating con-

ditional heterosk edasticit y . Among the p opular strategies are: (a) c hopping the a v ailable

data in to short blo c ks of time and assuming homosk edasticit y within the blo c ks, (b)

p erforming one-sided rolling regressions, in whic h only data from, sa y , the preceding �v e

y ear p erio d is used to estimate the conditional co v ariance of returns at a giv en date,

and (c) p erforming t w o-sided rolling regressions, in whic h co v ariances are estimated

for eac h date using, sa y , �v e y ears of lags and �v e y ears of leads. Another mo del{

GAR CH{amoun ts to a one-sided w eigh ted rolling regression. W e dev elop con tin uous

record asymptotic appro ximations for the measuremen t error in conditional v ariances

and co v ariances when using these metho ds. W e deriv e asymptotically optimal windo w

lengths for standard rolling regressions and optimal w eigh ts for w eigh ted rolling regres-

sions. As an empirical example, w e estimate v olatilit y on the S&P 500 sto c k index using

daily data from 1928 to 1990.

Keyw ords: Sto c hastic v olatilit y , AR CH, con tin uous record.

JEL Category: Multiple/Sim ul taneous Equations Mo dels, Time series (C:32).
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1 In tro duction

Most asset pricing theories relate exp ected returns on assets to their conditional v ariances

and co v ariances. See, for example, the review of the AR CH literature in Bollerslev, Chou,

and Kroner (1992). It is widely recognized that these conditional momen ts c hange o v er

time. Unfortunately , conditional co v ariances are not directly observ able, so in tests of asset

pricing theories researc hers m ust use estimates of conditional second momen ts. Similarly ,

mark et participan ts use estimates of conditional v ariances and co v ariances in hedging, option

pricing, and in man y other asp ects of p ortfolio selection. Ho w accurate are these estimated

v ariances and co v ariances? Ho w can they b e estimated more accurately?

If conditional v ariances and co v ariances w ere c onstant o v er time, then standard statisti-

cal tec hniques w ould yield the answ er to these questions. When conditional heterosk edas-

ticit y is presen t, these tec hniques will not su�ce. In fact, as w e see in Section 2 b elo w,

statistical metho ds that assume constan t v ariances and co v ariances ev en o v er short time

in terv als presen t a misleadingly optimistic picture of ho w accurate the measuremen t is.

Though there are man y strategies for estimating time-v arying v ariances and co v ariances,

among the most p opular ha v e b een (a) c hopping the returns data in to blo c ks of time and

treating conditional v ariances and co v ariances as constan t within eac h blo c k (e.g., Merton

(1980), P oterba and Summers (1986), F renc h, Sc h w ert, and Stam baugh (1987)), and (b)

the rolling regression approac h of O�cer (1973) and F ama and MacBeth (1973).

The app eal of suc h strategies is clear: on the one hand, they allo w for the p ossibilit y

(almost a certain t y in economic applications!) that the parameters of the pro cess ev olv e

randomly o v er time. On the other hand, they imp ose little structure on the precise way

in whic h the parameters ev olv e. All of these strategies accommo date random ev olution in

parameters b y estimating the v alue of the parameters at time t using only data \near" t .

F or example, F ama and MacBeth (1973) estimated conditional b etas at date t using only

the returns data for a p erio d of �v e to eigh t y ears prior to date t |a \rolling regression."

1

As F ama and MacBeth explain it, this estimation strategy \re
ects a desire to balance

the statistical p o w er obtained with a large sample from a stationary pro cess against p oten tial

problems caused b y an y non-constancy of the �

i

." The more imp ortan t \the statistical

1

These estimation strategies are also p opular on W all Street: see, for example, the Merrill Lync h (1986)

b eta b o ok, whic h uses a �v e-y ear rolling regression with mon thly data to estimate b etas. Rolling regressions

are also used in estimating conditional means (see, for example, Banerjee, Lumsdaine, and Sto c k (1991)),

although our results do not apply directly to this case.
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p o w er obtained with a large sample" is, the more inclined a researc her should b e to use a

long string of data in the rolling regression. On the other hand, minimizing the \p oten tial

problems caused b y an y non-constancy of the �

i

" p oin ts to w ard using a short p erio d for the

rolling regression.

F ama and MacBeth's c hoice of a 5-7 y ear windo w w as motiv ated b y the w ork of Fisher

(1970) and Gonedes (1973), who found that this windo w length ga v e the b est out-of-sample

forecasting p erformance for individual sto c ks. In related w ork, Fisher (1970), and Fisher

and Kamin (1985) dev elop appro ximate distributions for measuremen t errors in b etas and

optimal w eigh ting sc hemes under the assumption that conditional b etas are random w alks

indep enden t of mark et returns.

2

In this pap er, w e extend these theoretical results to a m uc h broader class of data gen-

erating pro cesses. In Section I I w e sho w ho w, under w eak assumptions, to appro ximate

the distribution of measuremen t errors in estimated conditional v ariances and co v ariances.

These results are broad enough to accommo date not only one and t w o-sided rolling re-

gressions, but also more general w eigh ting sc hemes suc h as the AR CH(p) mo del of Engle

(1982) and one of the m ultiv ariate extensions prop osed b y Bollerslev, Engle, and W o oldridge

(1988).

3

In Section 3, w e c haracterize optimal windo w lengths and optimal w eigh ts to use

in rolling regressions. Section 4 considers estimation of conditional b etas. In Section 5, w e

pro vide an empirical example. Section 6 is a brief conclusion. The pro ofs are collected in

the App endix.

2 Asymptotic distributions

T o illustrate the in tuition b ehind our appro ximation metho d, consider the follo wing simple

case; supp ose the data are generated b y the di�usion

dX

t

= � ( X

t

; �

t

) dt + �

t

� dW

1 ;t

(1)

d�

2

t

= � ( X

t

; �

t

) dt + �( X

t

; �

t

) � dW

2 ;t

(2)

2

There is a large literature on random co e�cien t regression, of whic h the w ork of Fisher (1970) and

Fisher and Kamin (1985) is an application . See, for example, Cho w (1984) and the references therein.

3

Asymptotic measuremen t error distribution s for conditional v ariances generated b y other AR CH mo dels

(whic h cannot b e accommo dated b y the metho ds in this pap er) are giv en in Nelson and F oster (1994), Nelson

(1994).
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where W

1 ;t

and W

2 ;t

are (p ossibly correlated) standard Bro wnian motions, X

t

and �

2

t

are

scalars, and �( � ; � ) ; � ( � ; � ; � ), and � ( � ; � ; � ) are con tin uous, with �( � ; � ) strictly p ositiv e.

Our assumption that �( � ; � ) is strictly p ositiv e separates our approac h from that of the

non-parametric liturature.

Supp ose that the f X

t

g pro cess is observ able but f �

2

t

g is not. Ho w can w e use the

information in the sample path of f X

t

g to estimate the path of f �

2

t

g ? It is w ell kno wn that

as a di�usion is observ ed at �ner and �ner time in terv als (sa y of length h ), its conditional

v ariance at an y instan t can b e appro ximated with ev er greater accuracy , un til in the limit

as h ! 0, it is kno wn exactly . T o understand wh y , note �rst that b ecause �

2

t

in (1)-(2) is

generated b y a di�usion, it is con tin uous (with probabilit y one) as a function of time. This

implies that for ev ery � > 0 and ev ery t > 0 there exists, with probabilit y one, a random

� ( t ) > 0 suc h that

sup

t � � ( t ) � s � t

j �

2

s

� �

2

t

j < �: (3)

That is, o v er suitably small time in terv als, the c hange in �

2

t

can b e made as small as w e

lik e. No w c ho ose a small constan t � > 0 and c hop the in terv al [ t � � ; t ] in to M equal pieces.

W e then estimate �

2

t

b y

^�

2

t

( � ; M ) � �

� 1

M

X

j =1

( X

t � ( j � 1) � = M

� X

t � j � = M

)

2

(4)

(4) is a standard one-sided rolling regression in whic h w e act as if �

t

w ere iden tically zero.

When � is small, �

t

and �

2

t

are e�ectiv ely constan t, so when w e condition on �

t � �

and

�

2

t � �

, the normalized incremen ts ( M =� )

1 = 2

[ X

t � ( j � 1) � = M

� X

t � j � = M

] are appro ximately i.i.d.

N (0 ; �

2

t � �

). Under suitable momen t conditions, the tails of these normalized incremen ts

are w ell-b eha v ed (i.e., not to o thic k), allo wing us to apply a la w of large n um b ers yielding

[ ^ �

2

t

( � ; M ) � �

2

t

] ! 0 in probabilit y as � ! 0 and M ! 1 . F ailing to correct for the non-

zero drifts in X

t

and �

2

t

do es not in terfere with consistency{the e�ect of the drift terms on

^�

2

t

( � ; M ) v anishes as M ! 1 and � ! 0.

Though quite a sp ecial case, (1) � (4) illustrate the basic in tuition underlying our results:

as M ! 1 and � ! 0, the normalized incremen ts in X

t

b ecome appro ximately i.i.d. with

zero conditional mean, �nite conditional v ariance, and su�cien tly thin tails, allo wing us

to apply a la w of large n um b ers to estimate �

2

t

. As w e see b elo w, it is p ossible{in a far

more general setting{to apply a cen tral limit theorem to dev elop an asymptotic normal

distribution for the measuremen t error [ ^ �

2

t

( � ; M ) � �

2

t

].

4



W e will no w in tro duce the notation need for our theorems. F or eac h h > 0, consider a

random v ector step function

h

X

t

2 R

k

whic h mak es jumps only at times 0 ; h; 2 h , and so on.

Assume that

h

X

t

is a random pro cess with an (almost surely) �nite conditional co v ariance

matrix. F ormally ,

h

X

t

is a lo cally square in tegrable semimartingale{ see e.g., Jaco d and

Shiry aev (1987) c hapters 1 � 2. W e tak e

h

X

t

to b e adapted to the �ltration f

h

F

t

g where

f

h

F

t

g is increasing and righ t con tin uous.

h

X

t

2 R

k

can b e decomp osed in to a \predictable"

part and a martingale part, i.e., the Do ob-Mey er decomp osition.

h

� X

�

�

h

X

�

�

h

X

� � h

=

h

�

�

h + (

h

M

� + h

�

h

M

�

) =

h

�

�

� � + �

h

M

�

where

h

�

t

2 R

k

is

h

F

t � h

measurable, and �

h

M

t

2 R

k

is a lo cal martingale di�erence arra y

with an (almost surely) �nite conditional co v ariance matrix. F urther, to mak e our sums

lo ok lik e in tegrals, w e set � � = h , and �

h

M

�

�

h

M

�

�

h

M

� � h

.

The conditional co v ariance matrix of

h

� X

�

p er unit of time is the k � k matrix

h




�

=

[

h




( ij ) �

]. In other w ords,

E (

h

� M

�

�

h

� M

T

�

j

h

F

� � h

) =

h




�

� � :

h




�

is

h

F

� � h

measurable.

Our in terest is in estimating

h




t

when it randomly ev olv es o v er time. Just as the c hange

in

h

X

�

can b e decomp osed in to a drift comp onen t (i.e., a comp onen t that is predictable

one step ahead) and a martingale comp onen t, so, w e assume, can the c hange in

h




�

:

�

h




�

=

h

�

�

� � +

h

� M

�

�

where

h

�

�

, the instan taneous drift in

h




�

, is

h

F

� � 2 h

measurable, and

h

M

�

�

is a k � k

matrix-v alued lo cal martingale with resp ect to the �ltration

h

F

� � h

. F urther,

E (

h

� M

�

( ij ) �

�

h

� M

�

( k l ) �

j

h

F

� � 2 h

) =

h

�

( ij k l ) �

� �

So

h

�

�

is

h

F

� � 2 h

measurable.

h

�

t

and

h

�

t

are, resp ectiv ely , the drift and v ariance p er unit

of time in the conditional v ariance pro cess

h




t

. Since

h




t

is a k � k matrix, its drift

h

�

t

is as w ell. The \v ariance of the v ariance" pro cess �

�

is a k � k � k � k tensor. As w e see

b elo w, the more v ariable the

h




t

pro cess is (as measured b y

h

�

t

) the less accurately it can

b e measured.

The class of data generating pro cesses encompassed in this setup is v ery large, including,

for example, discrete time sto c hastic v olatilit y mo dels (e.g., Melino and T urn bull (1990)),
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di�usions observ ed at discrete in terv als of length h , (e.g., Wiggins (1987), Hull and White

(1987)), AR CH mo dels, (e.g., Bollerslev, Chou and Kroner (1990)) and man y random co-

e�cien t mo dels (Cho w (1984)).

As is w ell kno wn for standard regressions, the e�ciency of least squares co v ariance

matrix estimates dep ends to a considerable exten t on tail thic kness of the noise terms (see,

e.g., Da vidian and Carroll (1987)). This is true for rolling regressions as w ell. T o motiv ate

our next bit of notation, supp ose for the momen t that the �

h

X

t

's w ere i.i.d., scalar dra ws

from a distribution with mean zero and v ariance 
. If w e estimate 
 using T observ ations b y

^


 = T

� 1

T

X

t =1

( �

h

X

t

)

2

, the v ariance of

^


 is T

� 1

V ar[(�

h

X

t

)

2

]. That is, the sample v ariance

of

^


 dep ends on the fourth momen ts of the �

h

X

0

t

s. When

h




t

randomly ev olv es o v er time,

w e require an analogous measure of the c onditional tail thic kness of �

h

X

t

. Accordingly , w e

de�ne

h

B

�

, a k � k matrix-v alued martingale b y the follo wing martingale di�erence arra y:

4

h

� B

�

= h

� 1 = 2

(

h

� M

�

�

h

� M

T

�

�

h




�

� � ) :

h

B

�

is essen tially an empirical second momen t pro cess with its conditional mean remo v ed

eac h p erio d to mak e it a martingale. W e next de�ne the conditional v ariance pro cess for

h

B

�

; the k � k � k � k tensor pro cess

h

�

�

with

h

�

( ij k l ) �

� � = E (

h

� B

( ij ) �

�

h

� B

( k l ) �

j

h

F

� � h

) :

�

( ij k l ) t

is closely related to the m ultiv ariate conditional fourth momen t of �

h

M

t

:

�

( iiii ) t

= E [(

h

� X

i;t

�

h

�

i;t

� h )

4

�

h




2

( ii ) t

j

h

F

t � h

]

= E [�

h

M

4

i;t

�

h




2

( ii ) t

j

h

F

t � h

] :

�

( iiii ) �

= 


2

( ii ) �

is the conditional co e�cien t of kurtosis less one of the i

th

v ariable at time � .

If � X

i;t

is conditionally normal, then �

( iiii ) �

= 2


2

( ii ) �

.

W e next de�ne

h

�

( ij k l ) �

� corr(�

h

B

( ij ) �

; �

h

M

�

( k l ) � � � �

j

h

F

� � h

) :

4

The reason for the h

� 1 = 2

in the de�nition of B is to k eep

h

B = O

p

(1). Th us, the notation will remind

us the size of v arious in tegrals. In other w ords, for M and M

�

, w e ha v e the usual \size" condition that

h

� M

2

= O (� � ), and

h

� M

�
2

= O (� � ), and no w this also holds for the B pro cess:

h

� B

2

=

h

� � � = O (� � ).
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h

�

t

is the conditional correlation b et w een the inno v ations in the empirical second momen t

pro cess

h

B

�

and the inno v ations in the conditional v ariance pro cess 


�

. The b eha vior of

h

�

( ij k l ) �

is an imp ortan t determinan t of our abilit y to measure

h




t

accurately . T o see wh y ,

supp ose that

h




t

is generated b y a diagonal m ultiv ariate GAR CH mo del as in Bollerslev,

Engle, and W o oldridge (1988). In this case

h




t

equals a distributed lag of the outer pro duct

of residual v ectors and therefore

h

�

( iiii ) t

= 1. In this case, rolling regressions can estimate

h




t

arbitrarily w ell, since �

h




t

is p erfe ctly correlated with elemen ts of �

h

X

t

�

h

X

T

t

. I.e.,

when w e see �

h

X

t

this tells us all w e need to kno w ab out the c hange in

h




t

. On the other

hand, supp ose that

h




t

is generated b y a di�usion observ able at in terv als of length h. In

this case

h

�

( ij k l ) t

= 0, and though �

h

X

t

�

h

X

T

t

con tains information ab out the level

h




t

, it

in general con tains no information ab out changes in

h




t

. The case where

h

� < 0 is a sort

of \rev erse GAR CH" case, in whic h larger than exp ected residuals cause v ariance to drop.

Our results are able to accommo date this case, though it seems unlik ely to b e practically

relev an t. In general, ho w ev er, the higher j

h

�

( ij k l ) t

j , the more accurately measurable is

h




( ij ) t

. Unfortunately , w e will ha v e to assume a v alue for � b ecause w e will see that it is

not iden ti�able.

The estimator w e will study is

h

^




( ij ) T

�

X

�

h

w

( ij )( � � T )

[

h

� X

( i ) �

� h �

h

^�

( i ) �

][

h

� X

( j ) �

� h �

h

^�

( j ) �

] ; (5)

where

h

^� is a estimate of

h

� , and

h




( ij )

is the ij

th

comp onen t of

h


,

h

^�

( i )

is the i

th

comp onen t of

h

^� , and

h

w

� � T

is a k � k w eigh ting matrix for whic h

P

h

w

( ij )( � � T )

� � = 1.

F or no w b oth the conditional mean estimate

h

^�

t

and the w eigh ts

h

w

( ij ) t

as exogenously

giv en, though b elo w w e consider data-dep enden t selection of

h

w

( ij ) t

.

A sp ecial case of the ab o v e is the standard 
at{w eigh t rolling regression motiv ated b y the

follo wing argumen t. E (� M )

2

= � � = 
, so it seems reasonable that if w e a v erage terms lik e

�

^

M

2

= � � , w e should get a go o d appro ximation to 
. So, the rolling regression estimator

of 
 is de�ned as:

h

^




T

� [( n + m ) h ]

� 1

� = T +( m � 1) h

X

� = T � nh

[

h

� X

�

� h

h

^�

�

][

h

� X

�

� h

h

^�

�

]

T

Th us the w eigh ts are equal o v er some region. So,

h

w

( ij ) �

=

8

<

:

1

( n + m ) h

� nh � � < mh

0 otherwise

(6)
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So, for example, when n = m = k h

� 1 = 2

for some constan t k , (whic h when � = 0 will

turn out to b e the asymptotically optimal w a y of c ho osing a rolling regression) w e see that

h

w

� � T

�

=

h

� 1 = 2

k

� 1

near T , and 0 far a w a y from T , with

P

w � � = 1. Here m is the n um b er

of leads and n is the n um b er of lags. In a standard one-sided rolling regression, m is set

equal to zero and

h

w

( ij ) t � T

= 1 =nh for T � nh � t < T and zero otherwise.

When m = 0 and the w eigh ts are non-negativ e but otherwise unconstrained in (5), w e

ha v e a sp ecial case of the m ultiv ariate GAR CH mo del of Bollerslev, Engle, and W o oldridge

(1988). The metho d of treating conditional co v ariances as constan t o v er blo c ks of time (e.g.,

Merton (1980), P oterba and Summers (1986), F renc h, Sc h w ert, and Stam baugh (1987)) is

also easily accommo dated: here w = 1 =hK whenev er t � T is in the same time blo c k as

time T and equals zero otherwise. K is the n um b er of observ ations within the blo c k.

2.1 Assumptions

The �rst assumption requires the �rst few conditional momen ts of

h

X

t

and

h




t

remain

b ounded with small c hanges o v er small time in terv als as h ! 0: This assumption essen tially

allo ws us to apply the cen tral limit theorem lo cally in time.

Assumption A The fol lowing 8 expr essions ar e al l O

p

(1) :

(i) sup

s;t 2 [ T ;T + h

1 = 2

]

j ^�

s

� �

t

j

(ii) sup

t 2 [ T ;T + h

1 = 2

]

j

h

�

( i ) t

�

h

�

( i ) T

j

(iii)

h

�

T

(iv)

h




T

(v)

h

�

T

(vi)

h

�

T

(vii) for some � > 0 ;

E

�

j h

� 1 = 2

h

� M

�

T

j

2+ �

�

�

�
F

T � 2 h

�

(viii) for some � > 0 ;

E

�

j h

� 1 = 2

h

� B

T

j

2+ �

�

�

�
F

T � h

�

:

Assumption A is not as formidable as its 8 parts app ear. F or example, if all these

pro cesses are actually con tin uous semi-martingales, then Assumption A will hold with only

non-explosiv eness conditions. This is made precise in the follo wing de�nition and follo wing

restatemen t of Assumption A.

De�nition We wil l c al l

h

X

�

a discr etize d c ontinuous semi-martingale if ther e exists a pr o-

c ess

0

X

�

, such that

h

X

ih

=

0

X

ih

and

0

X

�

is a c ontinuous semi-martingale with di�er ential

8



r epr esentation of d

0

X

�

=

0

�

�

d� +

0




1 = 2

�

d

0

W

�

, wher e b oth

0

�

�

and

0




�

ar e c ontinuous semi-

martingales with 
 p ositive de�nite [ a.s ] . F urther, d

0




�

=

0

�

�

d� +

0

�

�

d

0

W

0

�

, wher e b oth

0

�

�

and

0

�

�

ar e c ontinuous semi-martingales, and W

�

and W

0

�

ar e multivariate Br ownian

motions.

Assumption (A')

h

X

�

is a discr etize d c ontinuous semi-martingale for which ther e exists

a r andom variable M with �nite me an such that for al l � � K ( K �nite) the fol lowing holds

[almost sur ely]: j

0

�

�

j + j

0




�

j + j

0

�

�

j + j

0

�

�

j + j

0

�

�

j � M . A lso assume

h

^�

�

� 0 .

F rom standard argumen ts Assumption A

0

can b e sho wn to imply Assumption A. Th us,

w e see that Assumption A is more of a regularit y condition rather than a restrictiv e as-

sumption.

Assumption B

h

�

�

;

h

�

�

and

h

�

�

change slow ly over time. That is to say

sup

T � � � T + h

1 = 2

j

h

�

�

�

h

�

T

j = o

p

(1) ;

sup

T � � � T + h

1 = 2

j

h

�

�

�

h

�

T

j = o

p

(1) ; and

sup

T � � � T + h

1 = 2

j

h

�

( ij k l ) �

-

h

�

( ij k l ) T

j = o

p

(1) :

Assumption B tells us that the \h yp er-parameters" are regular enough that they can

b e estimated. Again this isn't a v ery restrictiv e assumption in the sense that these terms

w ould naturally b e O

p

( h

1 = 2

) if � ; �, and � follo w ed SDEs.

Assumption C The diagonal elements of

h

�

�

and

h

�

�

ar e non-vanishing. That is to say

8 i 8 j : 1 =

h

�

( ij ij ) T

= O

p

(1) , and 1 =

h

�

( ij ij ) T

= O

p

(1) .

Assumption C tells us that w e can get a non-degenerate asymptotic distribution at

the natural rate of con v ergence. If assumption C w ere dropp ed, our asymptotic v ariance

calculation w ould still hold. But the results migh t b e trivial in the sense that w e get an

asymptotic normal with zero v ariance. Assumption C a v oids this.

h

�

t

;

h

^�

t

, and

h

�

t

drop out of the asymptotic distribution of the measuremen t error in the

conditional co v ariance estimate pro duced b y the rolling regression{i.e., these terms are of

only second order imp ortance in determining the measuremen t error. In fact, if w e explo de

h

�

t

;

h

^�

t

, and

h

�

t

to in�nit y as h ! 0 at a su�cien tly slo w rate, these conditional momen ts

stil l drop out of the asymptotic distribution of the measuremen t error.

9



De�nition

h

T

�

and

h

T

�

ar e the \start" and \end" times of the r ol ling r e gr ession. That

me ans

h

w

� � T

= 0 for � <

h

T

�

or � >

h

T

�

.

Note it is not required that

h

w

� � T

b e non-zero b et w een T

�

and T

�

. This will b e useful

when considering t w o di�eren t w eigh ts. T

�

will then t ypically b e the earlier of the starting

times and T

�

the later of the ending times. The next assumption restricts the b eha vior of

the w eigh ts

h

w

� � T

:

Assumption D

h

T

�

�

h

T

�

= O ( h

1 = 2

) ;

T

�

X

� = T

�

;T

�

+ h;:::

h

w

( ij ) � � T

� � = 1 ; and

sup

�

( j

h

w

( ij ) T

j ) = O ( h

� 1 = 2

) :

Assumption D requires that the total n um b er of lags and leads used in the rolling

regression is going to in�nit y at rate h

� 1 = 2

, though the time in terv al o v er whic h the w eigh ts

are nonzero is shrinking to 0 at rate h

1 = 2

. Assumption A guaran tees that c hanges in

h




t

are small o v er small time in terv als: As in the illustration at the b eginning of this section,

as h ! 0 the rolling regression generates its conditional co v ariance estimate

h




t

using

a gr owing n um b er of residuals generated o v er a shrinking p erio d of time. Unfortunately ,

ho w ev er, Assumption D also r e quir es that the n um b er of residuals assigned nonzero w eigh ts

is b ounded for eac h h . This accommo dates the AR CH(p) mo del of Engle (1982) with p

gro wing at rate h

� 1 = 2

as h ! 0, but formally excludes the GAR CH(p,q) mo del of Bollerslev

(1986). W e can, ho w ev er, appr oximate GAR CH mo dels to arbitrary accuracy b y considering

AR CH(p) mo dels for arbitrarily large but �nite (for eac h h ) order.

T ypically w

( ij ) � � T

� 0 but this is not required. Assumption D also requires

P

w

( ij ) � � T

� � =

1. In terpreting the rolling regression as a m ultiv ariate GAR CH mo del, this corresp onds to

an IGAR CH (\In tegrated GAR CH") mo del{ see Engle and Bollerslev (1986). F or the the-

orems w e can relax this condition to only assume that

P

w

( ij ) � � T

� � = 1 + o ( h

1 = 4

). F or

in tuition on wh y IGAR CH is approac hed as h ! 0, see Nelson (1992).

De�nition

h

	

( ij ) x

�

8

>

>

>

>

<

>

>

>

>

:

1

X

� = x + h;x +2 h:::

h

w

( ij ) �

� � if x � 0

�

x

X

� = �1

h

w

( ij ) �

� � if x < 0

:

10



Note:

h

	

x

is only de�ned if x=h is an in teger. This is lik e an in tegral of

h

w

�

in the sense

that �	( x ) = � x = �

h

w

x

. F or example, in the case of the 
at w eigh t rolling regression for

a univ ariate pro cess

h

	

s � T

=

(

h

T

�

� s ) I

s � T

� ( s �

h

T

�

) I

s<T

h

T

�

�

h

T

�

;

where

h

T

�

is the righ t end p oin t of the rolling regression and

h

T

�

is the left end p oin t.

De�ne the follo wing sums,

h

S

w w

� h

1 = 2

X

�

h

w

2

�

� �

h

S

		

� h

� 1 = 2

X

�

h

	

2

�

� �

h

S

w 	

�

X

�

h

w

�

�

h

	

�

� �

In the m ultiv ariate case, w

�

is replaced b y w

� ( ij )

. So,

h

S

w w

is k � k � k � k. So, these sums

are actually tensors. F or example

h

S

w

ij

	

k l

�

P

�

h

w

� ( ij )

�

h

	

� ( k l )

� � .

Finally , de�ne the normalized measuremen t error pro cess

h

Q

t

� h

� 1 = 4

(

h

^




t

�

h




t

)

Its conditional co v ariances are asymptotically the k � k � k � k tensor pro cess

h

C

�

with

elemen ts giv en b y

h

C

( ij k l ) t

�

h

S

w

ij

w

k l

�

h

�

( ij k l ) t

+

h

S

	

ij

	

k l

�

h

�

( ij k l ) t

+

+

h

S

w

ij

	

k l

�

h

�

( ij k l ) t

q

h

�

( ij ij ) t

�

h

�

( k lk l ) t

+

+

h

S

w

k l

	

ij

�

h

�

( k lij ) t

q

h

�

( k lk l ) t

�

h

�

( ij ij ) t

Whic h in the scalar case is just (where the ` h ' has b een deleted from C ; � ; � ; � ; 	, and S )

C

t

� S

w w

�

t

+ 2 S

w 	

�

t

p

�

t

�

t

+ S

		

�

t

(7)

2.2 Main Con v ergence Theorems

Theorem 1 (Represen tation:) If Assumptions A & D hold, then

h

Q

( ij ) T

� h

� 1 = 4

(

h

^




( ij ) T

�

h




( ij ) T

)

= h

1 = 4

X

�

h

w

� � T h

� B

( ij ) �

+ h

� 1 = 4

X

�

h

	

� � T h

� M

�

( ij ) �

+ o

p

(1)
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Theorem 2 (Asymptotic Distribution:) If Assumptions A{D hold, then

h

Q

T

jF

T

�

is asymptotic al ly distribute d N (0 ;

h

C

T

�

) : (8)

PR OOFS: See the App endix.

The matrix normal distribution in Theorem 2 has the ob vious in terpretation {i.e., the

asymptotic co v ariance of

h

Q

( ij ) t

and

h

Q

( k l ) t

giv en F

T

�

is C

( ij k l ) T

�

. Alternativ ely , using an

appropriate sense of a tensor square-ro ot, equation (8) sa ys, C

� 1 = 2

Q

D

! N (0 ; 1) where 1

is the tensor iden tit y .

T o illustrate the application of Theorem 2, consider a m ultiv ariate rolling regression with


at w eigh ts. Assume that

h

n

ij

= n

0

h

� 1 = 2

, and

h

m

ij

= m

0

h

� 1 = 2

. This is a restricted form

of a rolling regression in whic h all of the windo ws are the same size. F or all i and j the same

w eigh ting is then used. In other w ords,

h

w

�

= h

1 = 2

( n

0

+ m

0

)

� 1

I f � 2 [ � n

0

h

1 = 2

; m

0

h

1 = 2

] g .

Th us, Assumption D is satis�ed. So, in this case, (the follo wing appro ximations are easy to

see if one thinks of eac h sum as b eing appro ximated b y an in tegral):

h

� 1 = 2

	

( h

1 = 2

s )

=

( m

0

� s ) I

s � T

+ ( s � n

0

) I

s<T

m

0

+ n

0

S

w w

=

X

w

2

s

h

�

=

1

m

0

+ n

0

S

		

=

X

	

2

s

h

�

=

m

3

0

+ n

3

0

3( m

0

+ n

0

)

2

S

w 	

=

X

w

s

	

s

h

�

=

m

0

� n

0

2( m

0

+ n

0

)

Because of our assumption that all w

ij

are the same, w e don't need to distinguish b et w een

S

w

ij

w

k l

and just call all of them S

w w

. Lik ewise for S

w �

and S

		

. W e can no w compute

the v ariance of

^




ij

. Then, (where to simplify the equations w e ha v e tak en:

h

�

( ij ij ) T

�

=

� ;

h

�

( ij ij ) T

�

= � ;

h

�

( ij ij ) T

�

= � )

C

( ij ij ) T

�

= � S

w w

+ 2

p

� � �S

w 	

+ � S

		

=

�

m

0

+ n

0

+

p

� � �

m

0

� n

0

n

0

+ m

0

+ �

m

3

0

+ n

3

0

3( n

0

+ m

0

)

2

(9)

Consider the three comp onen ts of the asymptotic co v ariances in (9): the �rst term,

� S

w w

, w ould b e presen t ev en in the i.i.d. case. This term re
ects sampling error, and can

b e made arbitrarily small b y making n

0

+ m

0

su�cien tly large. Indeed, if the conditional

co v ariance matrix

h




t

w ere constan t, the other terms in C

( ij k l ) T

�

w ould v anish, and letting

12



n

0

+ m

0

b e in�nite w ould b e optimal. The third term, � S

		

, re
ects the v ariabilit y in

h




t

.

This term can b e made arbitrarily small b y making n

0

+ m

0

su�cien tly small: the smaller

the windo w o v er whic h the rolling regression is conducted, the more lik e a constan t

h




t

is within the windo w. As indicated in our discussion of

h

� , the second term,

p

� � �S

w 	

,

comes from the co v ariance b et w een the �rst and last terms. This term drops out when the

data are generated b y a di�usion but not, for example, when the data are generated b y a

GAR CH mo del. This term also con trols ho w m uc h information ab out

h




�

is in the \past"

residuals as opp osed to the future residuals.

2.3 Consisten t Estimation of Nuisance P arameters

T o construct correct asymptotic con�dence in terv als, w e m ust ha v e consisten t estimates of

the comp onen ts of the conditional co v ariance of the measuremen t error

h

Q

t

, namely

h

�

t

;

h

�

t

,

and

h

�

t

. Sometimes some of these are kno wn a priori: for example, when f

h

X

t

;

h




t

g is

generated b y a di�usion pro cess,

h

�

( ij k l ) t

! 0 ;

h

�

( iiii ) t

=

h




2

( ii ) t

! 2 and �

ij k l

! 0 otherwise

as h ! 0, th us lea ving only �

t

to estimate. In more general circumstances, ho w ev er, they

all m ust b e estimated.

W e next consider estimation of

h

�

�

and

h

�

�

.

Since w e ha v e only the most indirect metho ds of obtaining information ab out these

parameters, w e will need to assume that the pro cesses under consideration are \regular"

o v er a sligh tly longer in terv al. T o do this w e will use the follo wing uniform con v ergence

idea. W e will sa y that X

T

= o

p

(1) holds uniformly o v er T 2 [ T

0

; T

0

+ K

h

h

1 = 2

] if for all

� > 0,

sup

T 2 [ T

0

; T

0

+ K

h

h

1 = 2

]

P ( j X

T

j > � ) ! 0 as h ! 0 :

Assumption E Assume ther e exists a function K

h

such that K

h

! 1 as h ! 0 such that

Assumption A holds uniformly over T 2 [ T

0

; T

0

+ K

h

h

1 = 2

] .

By w a y of example, consider assumption A part (iii). It tells us that �

T

is small:

j

h

�

T

j = O

p

(1). In other w ords, Assumption A-iii b y itself sa ys: 8 � > 0, 9 M suc h that

P ( j

h

�

T

j > M ) < � for su�cien tly small h. Under Assumption E, w e ha v e the follo wing

stronger statemen t: 8 � > 0, 9 M suc h that

sup

T 2 [ T

0

;T

0

+ K

h

h

1 = 2

]

P ( j

h

�

T

j > M ) < �
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for su�cien tly small h. W e no w need to assume that our \targets" don't c hange v ery m uc h

o v er short time in terv als. In other w ords, w e need a stronger v ersion of Assumption B.

Assumption F F or the K

h

in assumption E,

sup

� 2 [ T

0

; T

0

+ K

h

h

1 = 2

]

j

h

�

�

�

h

�

T

j = o

p

(1)

sup

� 2 [ T

0

; T

0

+ K

h

h

1 = 2

]

j

h

�

�

�

h

�

T

j = o

p

(1)

sup

� 2 [ T

0

; T

0

+ K

h

h

1 = 2

]

j

h

�

�

-

h

�

T

j = o

p

(1)

Assumption (F') F or the K

h

in Assumption E, (in the univariate c ase only)

sup

� 2 [ T

0

;T

0

+ K

h

h

1 = 2

]

j

h

�

�

=

h




2

�

�

h

�

T

=

h




2

T

j = o

p

(1)

sup

� 2 [ T

0

;T

0

+ K

h

h

1 = 2

]

j

h

�

�

=

h




2

�

�

h

�

T

=

h




2

T

j = o

p

(1)

sup

� 2 [ T

0

;T

0

+ K

h

h

1 = 2

]

j

h

�

�

-

h

�

T

j = o

p

(1)

Assumption F trivially implies Assumption B. That F' implies Assumption B follo ws

from the \near" constancy of 


T

o v er in terv als of length h

1 = 2

. Assumption F is more natural

for the pro of of our con v ergence theorem, and is easily understo o d in the m ultiv ariate

setting.

In the univ ariate case, the adv an tage of using � = 


2

and � = 


2

instead of � and � re-

sp ectiv ely , is that it ma y b e more b eliev able that the \shap e" parameters are constan t than

the parameters themselv es: Constan t � = 


2

is equiv alen t to constan t conditional kurtosis

of the incremen ts in

h

X

t

. When

h

X

t

is generated b y a di�usion, for example, � = 


2

= 2.

Constan t � = 


2

is equiv alen t to ln (

h




t

) b eing conditionally homosk edastic. Man y AR CH

and sto c hastic v olatilit y mo dels e�ectiv ely assume this (see Nelson and F oster (1994)) and,

as w e see in the empirical application b elo w, this homosk edastic ln (

h




t

) seems a reasonable

appro ximation for U.S. sto c k prices.

In the univ ariate case, these assumptions are equiv alen t in the sense that a pro cess that

satis�es F for some K

h

will satisfy F' for some other K

h

(and visa v ersa). But if one of these

K

0

h

s is signi�can tly larger than the other, it will allo w the use of more data in estimating

� and �.
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W e will no w outline estimators for � and �. First de�ne a matrix f

�

( � ) whic h can b e

though t of as b eing

^




�

�

^




� � �

for an appropriately de�ned

^


:

f

�

( � ) =

� + �h

1 = 2

X

s = � ;� + h;:::

h

� 1 = 2

(�

h

X

s

�

h

^�

s

� s )(�

h

X

s

�

h

^�

s

� s )

0

=� �

�

� � �h

1 = 2

X

s = � ;� � h;� � 2 h;:::

h

� 1 = 2

(�

h

X

s

�

h

^�

s

� s )(�

h

X

s

�

h

^�

s

� s )

0

=�

^

� and

^

� can no w b e de�ned as:

^

�

( ij k l ) T

=

�

2 K

h

T + K

n

h

1 = 2

X

� = T ;T + h;:::

f

( ij ) �

( � ) f

( k l ) �

( � ) �

^

�

( ij k l ) T

�

2

= 3 (10)

^

�

( ij k l ) T

=

3

2 � K

h

T + K

n

h

1 = 2

X

� = T ;T + h;:::

f

( ij ) �

( � ) f

( k l ) �

( � ) � 3

^

�

( ij k l ) T

=�

2

(11)

In the case where � � � these estimators are more in tuitiv e b ecause the \corrections" are

small and only the sums themselv es need b e considered. T o actually get the estimators, w e

ha v e to solv e the sim ultaneous equations (10) and (11). These estimators are designed to

w ork with Assumption F. The follo wing theorem sho ws they ac hiev e this goal.

Theorem 3 (Consistency) Under Assumption D, E, and F, b oth

^

�

T

and

^

�

T

ar e c onsis-

tent p ointwise in T.

Pro of: See the App endix.

F or the scalar case, Assumption F' should hold o v er a longer in terv al and so \b etter"

estimates of � and � should b e a v ailable. Estimators appropriate for this situation will no w

b e giv en. The de�nition of f

�

is notationally simpler in the scalar case:

f

�

( � ) =

� + �h

1 = 2

X

s = � ;� + h;:::

h

� 1 = 2

(�

h

X

s

�

h

^�

s

� s )

2

=� �

� � �h

1 = 2

X

s = � ;� � h;:::

h

� 1 = 2

(�

h

X

s

�

h

^�

s

� s )

2

=�

No w mo dify (10) and (11) as follo ws:

^

�

T

=

^




2

T

�

2 K

h

T + K

n

h

1 = 2

X

� = T ;T + h;:::

f

�

( � )

2

=

^




2

�

�

^

�

T

�

2

= 3 (10

0

)

^

�

T

=

3

^




2

T

2 � K

h

T + K

n

h

1 = 2

X

� = T ;T + h;:::

f

�

( � )

2

=

^




2

�

� 3

^

�

T

=�

2

(11

0

)
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These are the estimators that w e actually use in the empirical example.

W e will see from the sim ulations that the follo wing estimator app ears to do somewhat

b etter for

^

� in the scalar case:

^

�

T

=

3

^




2

T

2 � K

h

T + K

n

h

1 = 2

X

� = T

log (

^


( T + � h

1 = 2

) =

^




T

)

2

� 3

^

�

T

=�

2

; (12)

where

^


 is tak en to b e a 1 sided rolling regression of length � h

1 = 2

. Eq. (12) can b e seen to

b e close to (11') if a one term T a ylor series for the log is used.

Without further assumptions on the pro cesses X

t

and 


t

it is imp ossible to estimate

h

�

( ij k l ) t

. In order to pro v e this w e ha v e to �nd t w o mo dels whic h ha v e iden tical observ able

random v ariables (i.e. the distributions for the X

t

's are the same) but ha v e di�eren t v alues

for the parameter

h

�

( ij k l ) t

. Luc kily Shephard (1994) do es exactly this. He starts out

with a sto c hastic v olitilit y mo del whic h b y construction has a � of zero. In other w ords,




t

= V ar( X

t

jF

t � h

) where F is the � -�eld generated b y b oth the observ ed state v ariable

X and the unobserv able laten t v ariable 
. He in tegrates out this laten t state v ariable and

generates a GAR CH mo del. This is equiv alen t to lo oking at 


0

t

= V ar( X

t

jG

t � h

) where G

is the � -�eld generated only b y the observ able state v ariable X . In this new mo del, � = 1.

Since only the pro cess X is observ ed, it is imp ossible to distinguish b et w een these t w o

mo dels. Th us, � is uniden ti�able since it c hanges with the de�nition of the � -�eld.

3 E�ciency and Optimalit y

Throughout this section, w e will use v arious tec hniques of estimating a particular 


ij

. Th us,

w e will think of i; j as �xed. W e will call

h

�

( ij ij ) T

�

= � ;

h

�

( ij ij ) T

�

= � ;

h

�

( ij ij ) T

�

= � . F urther,

b ecause w e will w an t to compare windo ws of di�eren t lengths, w e will tak e our conditioning

time to b e T

�

= T � k h

� 1 = 2

for some su�cien tly large k.

3.1 Optimal Lead and Lag Lengths in Standard (
at-w eigh t) Rolling Re-

gressions

Consider again the example of the standard rolling regression in the previous Section, in

whic h, for some nonnegativ e n

0

and m

0

the w eigh ts are giv en b y

h

w

t

= h

1 = 2

( n

0

+ m

0

) �

I ( t 2 [ � n

0

h

1 = 2

; m

0

h

1 = 2

]). This w eigh ting sc heme is of sp ecial in terest, since it is most

frequen tly encoun tered in practice. The asymptotic standard error for the ij

th

elemen t of
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the measuremen t error in the conditional co v ariance matrix is giv en in (9). In other w ords,

S E (

^




ij

)

2

= (bias)

2

+ V ar(

^




ij

)

�

=

0

2

+ C

ij ij

�

=

�

m

0

+ n

0

+

p

� � �

m

0

� n

0

n

0

+ m

0

+ �

m

3

0

+ n

3

0

3( n

0

+ m

0

)

2

:

Where the �rst equalit y follo ws b y de�nition of the mean squared error, and the appro xi-

mation follo ws from our Theorem 2.

Theorem 4 (
at-w eigh t)

� The asymptotic varianc e-minimizing b ackwar d lo oking 
at-weight r ol ling r e gr ession

(i.e., m

0

= 0) is given by setting n

0

=

q

3 �

�

. The asymptotic me asur ement err or

varianc e (se e (9)) achieve d by this choic e of m

0

and n

0

is (2 � � )

q

� �

3

.

� The asymptotic varianc e-minimizing forwar d lo oking 
at-weight r ol ling r e gr ession (i.e.,

n

0

= 0) is given by setting m

0

=

q

3 �

�

. The asymptotic me asur ement err or varianc e

achieve d with this choic e of m

0

and n

0

is (2 + � )[� � = 3]

1 = 2

.

� When � > (3 = 4)

1 = 2

, the one-side d b ackwar d-lo oking 
at-weight r ol ling r e gr ession is

asymptotic al ly optimal in the class of 
at-weight r ol ling r e gr essions. When � <

� (3 = 4)

1 = 2

, the optimum is a one-side d forwar d-lo oking r ol ling r e gr ession. When j � j �

(3 = 4)

1 = 2

, the asymptotic optimum is a two-side d r ol ling r e gr ession with

n

0

=

q

3(1 � �

2

) � = � + �

q

� = � , and (13)

m

0

=

q

3(1 � �

2

) � = � � �

q

� = � (14)

The minimize d asymptotic varianc e when j � j � (3 = 4)

1 = 2

is

p

� � (1 � �

2

) = 3 .

Pro of: See the App endix.

Note the role of

h

� in determining the optimal w eigh ting sc heme: when GAR CH gener-

ates the data,

h

� = 1 and all information used b y the rolling regression ab out

h




t

is in the

lagge d residuals. The closer

h

� is to 1 therefore, the more w eigh t is optimally put on lagged

(as opp osed to led) residuals.

The

h

� = 0 case is also instructiv e: here the optimal w eigh ting sc heme is t w o-sided

with equal windo w lengths on eac h side. This cuts the asymptotic v ariance exactly in half

compared with the optimal one-sided rolling regression.
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3.2 Optimal W eigh ted Rolling Regressions

Although 
at-w eigh t rolling regressions are widely used, they are generally non-optimal:

Theorem 5 (Optimal w eigh ts) De�ne � and � as in (7) and let � �

p

� =� .

� The asymptotic varianc e-minimizing b ackwar d lo oking (i.e., al l the weight is on lagge d

r esiduals) weight function

0

w

t

is given by I

f t< 0 g

�e

�t

. This achieves an asymptotic

me asur ement err or varianc e of

p

� � (1 � � ) .

� The asymptotic varianc e-minimizing forwar d lo oking weight function

0

w

t

is given by

I

f t> 0 g

�e

� �t

. This achieves an asymptotic me asur ement err or varianc e of

p

� � (1 + � ) .

� The asymptotic varianc e-minimizing weight function

0

w

t

is given by

0

w

s

=

8

<

:

p�e

� �s

for s � 0

(1 � p ) �e

�s

for s < 0 ;

(15)

wher e p = (1 � � ) = 2 . This achieves an asymptotic me asur ement err or varianc e of

(1 = 2)

p

� � (1 � �

2

) .

Pro of: See the App endix.

shorten, kill, etc!

Others (Geno-Catalot, Laredo and Picard (1992), Corradi and White (1994), Banon

(1978), Dohnal (1987) and Florens-Zmirou (1993)) ha v e estimated 


t

b y non-parametric

metho ds. Their estimators often ac hiev e b etter rates of con v ergence then w e do since they

assume that 


t

is m uc h smo other than w e assume it to b e. On the other hand, w e can often

handle a more general situation than they can. So, the c hoice of estimator and its resulting

rate of con v ergence dep ends on whic h assumptions are appropriate.

Note that the estimators recommended Theorem 5 violate our assumptions in the sense

that

0

w

s

do es not ha v e compact supp ort. Of course the recommended

0

w

s

can b e arbitrarily

w ell appro ximated b y a w whic h do es ha v e compact supp ort.

F urther notice that in terms of forecasting (i.e. bac kw ards lo oking) the optimal w eigh ting

is the same regardless of the v alue of � . Th us ev en if � can not b e estimated, optimal forecasts

for 
 are still a v ailable. Of course, w e w ouldn't kno w ho w accurate these forecasts in fact

are!

Another p opular strategy for estimating conditional co v ariances{c hopping the data up

in to short blo c ks and estimating co v ariances as if they w ere constan t within the blo c ks
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(see, e.g., Merton (1980), P oterba and Summers (1986), F renc h, Sc h w ert, and Stam baugh

(1987)){is a sp ecial case of the t w o-sided 
at-w eigh t rolling regression. Supp ose the blo c k

is comp osed of a total of K observ ations. A t the left (righ t) end p oin t of the blo c k, the

co v ariance matrix estimate is a one-sided rolling regression using K led (lagged) residuals.

Bet w een the t w o end p oin ts, the estimate is a t w o-sided rolling regression. If w e set K �

h

� 1 = 2

k

0

, then the asymptotic measuremen t error v ariance at a p oin t a fraction � through

the blo c k (0 � � � 1) is obtained from (9) b y setting n

0

= k

0

� and m

0

= k

0

(1 � � ):

^

C = � =k

0

+ �

p

� �(1 � 2 � ) + (� k

0

= 3)[ �

3

+ (1 � � )

3

] (16)

whic h, when j �

p

� � k

0

j � 1 = 2, is minimized when � = 1 = 2 � �

p

� = � k

0

, lending a b o w shap e

to the con�dence in terv als.

An ob vious implication of Theorem 5 is that 
at-w eigh ting sc hemes suc h as one or t w o-

sided rolling regressions or blo c k-constan t estimators are ine�cien t. Unfortunately , ho w-

ev er, constructing the asymptotically e�cien t w eigh ts requires consisten t estimates of the

n uisance parameter pro cesses f �

t

g ; f �

t

g , and f �

t

g . Can w e construct dominating w eigh ting

sc hemes without kno wing f �

t

g ; f �

t

g , and f �

t

g ? The answ er, it turns out, is y es:

Theorem 6 (Dominating 
at w eigh ts) F or every i and j , de�ne the weights

h

w

( ij ) � � T

by (6) (i.e., we use n = n

0

h

� 1 = 2

lagge d r esiduals and m = m

0

h

� 1 = 2

le d r esiduals). De�ne

an alternative set of weights

h

w

�

( ij ) � � T

by

h

w

�

( ij ) � � T

=

8

<

:

3

1 = 2

( n

0

+ m

0

) exp [ � 3

1 = 2

h

1 = 2

( T � � ) =m

0

] if � > T

3

1 = 2

( n

0

+ m

0

) exp [ � 3

1 = 2

h

1 = 2

( T � � ) =n

0

] if � < T.

(17)

Then the asymptotic varianc e obtaine d using

h

w

�

( ij ) � � T

is lower than the asymptotic varianc e

obtaine d by using

h

w

( ij ) � � T

for any �; � , and � , with

^

C �

^

C

�

= (1 �

p

3 = 2) (  (0 � )

2

( � =m

0

+ � m

0

= 3) +  (0)

2

( � =n

0

+ � n

0

= 3) ) > 0 :

The idea b ehind Theorem 6 is simple: w e lea v e the total shar e of the w eigh t put on led

and lagged residuals unc hanged, but alter the shap e of the w eigh ts on eac h side of time T

from a blo c k-shap e to an exp onen tial decline.

There is another natural w a y to dominate a blo c k-constan t estimation sc heme, pro vided

w e are willing to consider a v erage, rather than p oin t wise, measures of accuracy: in tegrate

the measuremen t error v ariance (16) across the blo c k (i.e., in tegrate (16) o v er � from 0 to
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1), yielding an a v erage measuremen t error v ariance across the blo c k of (\b.c." is for \blo c k

constan t")

^

C

b.c.

= � =k

0

+ (� k

0

= 6) No w consider a 
at-w eigh t, t w o-sided rolling regression

using K = 2 = : 5 k

o

h

� 1 = 2

leads and the same n um b er of lags. By (9), this ac hiev es an a v erage

measuremen t error v ariance of (\t.s." is for \t w o sided")

^

C

t.s.

= � =k

0

+ (� k

0

= 12), whic h

is strictly smaller whenev er � > 0, regardless of the v alues of k

0

; � , and 
. Of course,

this t w o-sided rolling regression is itself dominated b y an exp onen tially w eigh ted rolling

regression constructed as in Theorem 6.

If w e are willing to assume that � = 0, as it w ould b e, for example, if the data are

generated b y a di�usion observ ed at discrete in terv als, further dominance relations follo w:

in particular, a one-sided rolling regression using, sa y , n lags and no leads has exactly t wice

the asymptotic v ariance of a rolling regression using n lags and n leads. The resulting t w o-

sided rolling regression is itself dominated b y an exp onen tial-w eigh ted rolling regression

constructed as in Theorem 6.

******* Figure 1 near here *********

Sev eral of the dominance relations are illustrated in �gure 1. Using n um b ers from the

empirical application in Section 5, �gure 1 plots the ratios of the standard deviation of

measuremen t errors in S&P 500 v olatilit y estimates using v arious estimation sc hemes to

that obtained using the optimal t w o-sided exp onen tially w eigh ted estimator. The graph

w as constructed under the assumption that � = 0. In switc hing from the optimal t w o-

sided exp onen tially w eigh ted estimator to the optimal 
at-w eigh t estimator, the standard

deviation of the measuremen t error rises ab out 7%. In switc hing from the optimal-t w o

sided to the optimal one-sided estimate, the standard deviation go es up b y a factor of

p

2 .

The b o w-shap ed pattern attained b y the blo c k-constan t sc heme of F renc h, Sc h w ert, and

Stam baugh (1987) and of P oterba and Summers (1986) is clear in �gure 1: when � = 0,

this estimate do es relativ ely w ell mid-mon th but p o orly at the b eginning and the end of the

mon th. Switc hing from this blo c k constan t sc heme to using a t w o-sided rolling regression

with the same n um b er of residuals (as prop osed ab o v e) ac hiev es a standard error equal to

the (minimized) mid-mon th standard error.

If standard errors are estimated for the v ariance estimate under the false assumption

that the co v ariance matrix truly is constan t within blo c ks, only the sampling error term

� =k

0

app ears, giving an unrealistically optimistic picture of the accuracy of the estimated

co v ariance matrix. This is illustrated in �gure 2.

******* Figure 2 near here *********
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3.3 The Relation b et w een the Regularit y Conditions and the Optimalit y

Results

Clearly there are relaxations in the regularit y conditions whic h w ould in v alidate the opti-

malit y results. F or example, supp ose that within eac h mon th, v olatilit y is constan t, with

eac h mon th's v olatilit y an i.i.d. dra w from some distribution. Presumably in this case

the blo c k-constan t estimation sc heme of P oterba and Summers (1986) and F renc h, Sc h w ert

and Stam baugh (1987) w ould dominate t w o-sided exp onen tially declining w eigh ts. This,

ho w ev er, w ould violate our regularit y conditions, whic h (asymptotically) ruled out discrete

jumps in

h




t

.

A more subtle example w as suggested to us b y John Campb ell: supp ose v olatilit y fol-

lo ws a mo ving a v erage pro cess in whic h v olatilit y sho c ks p ersist{with constan t w eigh t{for

some p erio d and then suddenly die out. In this case, a 
at-w eigh t rolling regression w ould

presumably dominate an exp onen tial w eigh ting sc heme. (This is ob viously true, for exam-

ple, if v olatilit y follo ws Engle's (1982) AR CH(p) pro cess with equal w eigh ts on p lagged

residuals.) Here discrete jumps are not the problem, since it is easy to sho w that suc h

a mo ving-a v erage sc heme is consisten t with a con tin uous sample path for v olatilit y in the

limit as h ! 0. F or example, for some � > 0, set 


t

= exp( W

t

� W

t � �

).

Though it ma y not b e as ob vious, this sc heme is also ruled out b y our regularit y con-

ditions, whic h not only assumed that the sample paths of the state v ariables w ere (asymp-

totically) con tin uous, but also that o v er short time in terv als, the unpr e dictable c omp onent

of changes in the state variables swamps the pr e dictable c omp onent

5

{i.e., the noise sw amps

the signal for su�cien tly small h. In the mo ving a v erage example just giv en, the noise and

the signal are of the same sto c hastic order as h ! 0. Our regularit y conditions e�ectiv ely

assume that sho c ks to the state v ariables deca y either gradually or not at all. This means

that o v er v ery short time in terv als, the mo v emen ts in

h




t

and

h

X

t

lo ok lik e random w alks.

Since our estimates of 


t

are formed o v er short in terv als, and since X

t

and 


t

b eha v e

asymptotically lik e random w alks o v er suc h short in terv als, it should not b e to o surprising

that our optimal w eigh ting sc heme is t w o-sided exp onen tial: this is the w eigh ting sc heme

obtained in the literature on random co e�cien t mo dels under the assumption of a Gaussian

random w alk (indep enden t of the righ t-hand side v ariables) for the regression co e�cien ts{

5

A con tin uous time semimartingale is decomp osable (b y de�nition) in to the sum of a martingale (whic h

ma y b e of un b ounded v ariation, and so v ery rapidly oscillatin g) and an instan taneousl y predictable comp o-

nen t of b ounded v ariation (whic h is m uc h more slo wly v arying o v er short time in terv als).
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see, for example, Fisher and Kamin (1985).

If the regularit y conditions asymptotically ruling out discrete jumps in

h

X

t

are relaxed,

our results are in v alidated: supp ose, for example, that

h

X

t

is generated b y a jump pro cess,

sa y a p oisson, observ ed at discrete in terv als of length h. F or eac h T , the normalized residual

h

� 1 = 2

[

h

X

t

�

h

X

t � h

] con v erges in probabilit y to zero as h ! 0, y et its conditional v ariance

do es not v anish to zero with h. Clearly a rolling regression using O ( h

1 = 2

) windo w widths

cannot consisten tly extract this v ariance, since unless there is a jump within the windo w

(whic h happ ens with v anishingly small probabilit y as h go es to zero), the v ariance estimate

pro duced b y the rolling regression is 0! The problem here is that the normalized residuals

h

� 1 = 2

[

h

X

t

�

h

X

t � h

] are to o thic k tailed (i.e., they are nearly alw a ys small but are o ccasionally

enormous { i.e. � = 1 ). This prev en ts us from applying a la w of large n um b ers and a cen tral

limit theorem lo cally in time to extract

h




t

from the squared incremen ts in

h

X

t

.

W e ha v e also assumed that our v ariance pro cess, 
, do es not ha v e jumps. In this case

though, the problem b ecomes in some sense easier instead of harder. If the v ariabilit y of 


is con tained in jumps, then \most of the time"
 is relativ ely constan t. So, long windo ws

can b e used for the rolling regression. Unfortunately , the asymptotic v ariance will still b e

in�nite, but this is no w due to a few large errors. In other w ords, most of the time, w e

will b e getting v ery accurate estimates, but when a jump o ccurs, w e get asymptotically an

in�nite error.

4 Estimating conditional b etas

In man y applications, esp ecially in �nance, conditional b etas are of greater imp ortance than

conditional v ariances or co v ariances. Supp ose that �

h

X

1 ;t

is the return on some mark et

index, while �

h

X

j;t

is the return on some other asset or p ortfolio. The true and estimated

conditional b etas of asset j with resp ect to the mark et index are de�ned resp ectiv ely as

h

�

j;t

�

h




1 ;j;t

=

h




1 ; 1 ;t

, and

h

^

�

j;t

�

h

^




1 ;j;t

=

h

^




1 ; 1 ;t

:

Since the estimated b eta is a di�eren tiable function of the asymptotically normal co v ariance

and v ariance estimates

h

^




1 ;j;t

and

h

^




1 ; 1 ;t

, it is also asymptotically normal (see, e.g., Ser
ing

(1980, Section 3.3, Theorem A), with mean zero and asymptotic v ariance

h

^




� 2

1 ; 1 ;t

[

h

C

(1 j 1 j ) t

+

h

�

2

j;t

h

C

(1111) t

� 2

h

�

j;t h

C

(111 j ) t

] : (18)
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W e next consider optimalit y , assuming, for simplicit y , that the same w eigh ts are used in

forming b oth

h

^




1 ;j;t

and

h

^




1 ; 1 ;t

. This corresp onds to using w eigh ted least squares (regressing

�

h

X

j; �

on �

h

X

1 ; �

) to estimate

h

�

j;t

. Substituting from (7) in to (18) yields

A V AR

t

( h

� 1 = 4

[

h

^

�

j;t

�

h

�

j;t

]) = [ �

�

S

w w

+ �

�

S

		

+ 2 �

�

q

�

�

�

�

S

w 	

] (19)

where

�

�

� (

h

�

(1 j 1 j ) t

+

h

�

2

j;t

h

�

(1111) t

� 2

h

�

j;t h

�

(111 j ) t

) =

h

^




2

1 ; 2 ;t

; (20)

�

�

� (

h

�

(1 j 1 j ) t

+

h

�

2

j;t

h

�

(1111) t

� 2

h

�

j;t h

�

(111 j ) t

) =

h




2

1 ; 1 ;t

; (21)

and (deleting the h and t subscripts to impro v e legibilit y)

�

�

�

�

1 j 1 j

p

�

1 j 1 j

�

1 j 1 j

+ �

2

�

1111

p

�

1111

�

1111

� � �

111 j

p

�

1111

�

1 j 1 j

� � �

1 j 11

p

�

1 j 1 j

�

1111




2

11

p

�

�

�

�

As in Section 2, the three terms are easily in terpreted: �

�

is the sampling error v ariance,

�

�

is the instan taneous conditional v ariance of the incremen ts in

h

�

j;t

. The 2 �

�

p

�

�

�

�

term

arises from the co v ariance b et w een the other t w o terms. Again, this term is zero for di�usion

mo dels and man y sto c hastic v olatilit y mo dels. Note that (19) has the same form as (9) if

w e substitute �

�

; �

�

, and �

�

for � ; �, and � . Apart from these substitutions, the optimalit y

and dominance results of Section 3 are una�ected. In particular, the asymptotically optimal

w eigh ts are t w o-sided and exp onen tially declinin g, just as deriv ed in the random co e�cien ts

literature under the assumption that b etas follo w random w alks indep enden t of returns on

the mark et index.

5 An application: V olatilit y on the S & P 500

T o illustrate the application of our results, w e estimate the conditional v ariance of con tin u-

ously comp ounded daily capital gains on the S&P 500. Our data extend from Jan uary 1928

through Decem b er 1990. P oterba and Summers (1986) and F renc h, Sc h w ert, and Stam-

baugh (1987) emplo y ed the same series (up to 1985) in their w ork. The series exhibits small

but statistically signi�can t serial correlation of ab out 6% at one lag, presumably caused b y

thin trading of the sto c ks in the underlying index{see, e.g., Sc holes and Williams (1977).

There is little serial correlation at longer lags. Since this serial correlation is not of in terest

to our application, w e pre-whitened the series with an AR(1). Another `n uisance' asp ect of

this data is the con tribution of non-trading da ys to v ariance: i.e., sto c k v olatilit y is t ypically

higher follo wing w eek ends and holida ys, since the information arriving during the p erio d

of mark et closure m ust b e re
ected in asset prices when the mark et re- op ens. (See, e.g.,
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F renc h and Roll (1986).) Nelson (1989) estimated that eac h non-trading da y adds 22.8%

to the v ariance of the S&P 500 on the next trading da y . Accordingly , w e divide eac h of the

pre-whitened capital gains �

t

b y (1 + : 228 � N

t

)

1 = 2

, where N

t

is the n um b er of non-trading

da ys preceding trading da y t. The transformed series is plotted in �gure 3.

******* Figure 3 near here *********

As noted earlier, F renc h, Sc h w ert, and Stam baugh (1987) emplo y ed a blo c k-constan t

estimation strategy for the v ariance. They noted that the resulting

^




t

series is sk ew ed to

the righ t, and that the v ariance of the inno v ations in

^




t

is an increasing function of

^




t

.

F renc h, Sc h w ert, and Stam baugh to ok the log of

^




t

and found that this transformation

adequately stabilized the v ariance. This is apparen t in �gure 4,

******* Figure 4 near here *********

whic h plots the log of a simple 
at-w eigh t rolling regression with a windo w length of 25 da ys

on eac h side. W e therefore mak e the simplifying assumption that ln (


t

) is conditionally

homosk edastic (i.e., �

t

= �


2

t

) . W e also mak e the simplifying assumptions that conditional

kurtosis is constan t (i.e., �

t

= � 


2

t

), and that �

t

= 0, i.e., sto c hastic v olatilit y or di�usion

rather than GAR CH as the data generating pro cess. These assumptions allo w us to set K

h

=

1 in Theorem 3. W e then formed initial conditional v ariance estimates using t w o-sided 
at-

w eigh t rolling regressions. F rom these initial v ariance estimates, w e created estimates of

� and � using the metho d of Theorem 3. These estimates in turn implied optimal n and

m v alues ( n = m ) for t w o-sided rolling regressions through form ulas (13) and (14). W e

then iterated this pro cedure, at eac h stage using the \optimal" n and m suggested at the

previous step un til the pro cedure con v erged. (This o ccurred v ery rapidly , since for m + n

v alues b elo w 52 a higher v alue w as suggested, while for n + m ab o v e 54 a lo w er v alue w as

suggested. W e settled on a windo w length of 52.) The estimated � and � v alues w ere 2.72

and .0120, resp ectiv ely , implying through Theorem 5 an optimal exp onen tial deca y rate of

� = : 0665 for a t w o-sided exp onen tially w eigh ted rolling regression.

6

T o gauge the reliabilit y of our asymptotic appro ximations, w e p erformed 600 replications

of the follo wing exp erimen t calibrated to the S&P 500 data: First, w e generated 16885

6

T o gauge the imp ortance of our pre-whitening and non-trading da ys adjustmen t, w e rep eated the esti-

mation pro cedure using the ra w (i.e., unadjusted) capital gains data. The results c hanged v ery little: the

estimated � and � w ere resp ectiv ely , 2.668 and .0124, and the optimal m + n and exp onen tial deca y rate

w ere 51 and .068 resp ectiv ely .
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observ ations of ln (


t

) and � M

t

as

ln (


t

) = � : 4246 + : 9944 � [ln(


t � 1

) + : 4246] + z

2 ;t

(22)

� M

t

= 


1 = 2

t

� z

1 ;t

(23)

where z

1 ;t

, and z

2 ;t

are m utually indep enden t and i.i.d., with z

1 ;t

distributed as a Studen t's

t with 12 degrees of freedom, mean 0 and v ariance 1 and z

2 ;t

is N (0 ; : 0120). The degrees

of freedom of the Studen t's t distribution w as selected to matc h the estimated conditional

kurtosis from the S&P 500 data. The v ariance of z

2 ;t

w as selected to matc h the estimate

of � for the S&P data. The p opulation mean of ln(


t

), whic h w as -.4246, matc hed the

sample mean of the �tted ln (

^




t

). The slo w mean rev ersion (.9944) w as selected to matc h

the unconditional v ariance of ln (


t

) to the sample v ariance of the �tted ln (

^




t

) plus the

v ariance of (ln 


�

� ln

^




�

).

F or eac h replication, w e rep eated precisely the same estimation pro cedure w e had applied

to the S&P data. T ables 1 & 2 b elo w rep ort means and standard deviations of the estimated

parameters in the sim ulations. Standard errors (i.e., sample standard deviations divided b y

the square ro ot of the n um b er of sim ulations) are giv en in paren thesis.

Mean of

Estimated

Co e�cien t

Actual

Co e�cien t

Sample

Standard

Deviation

� 0.01051

(0.00005)

0.0120 .0012

� 2.480

(0.003)

2.75 .082

T able 1: Using equation (12)

The estimates for b oth � and � are do wn w ard biased (b y 1.2 and 3.3 standard deviations

resp ectiv ely in table 1 and 5.1 and 2.5 standard deviations in table 2). The width of the

asymptotic con�dence in terv als, the optimal m + n etc., are functions of

p

� =� . The bias

in this ratio is quite small{for example the optimal m + n for t w o-sided rolling regressions

is giv en b y (13) and (14) as (12 � � = �)

1 = 2

= 52 : 4 for the sim ulation. The mean estimated

optimal m + n w as 53 with a standard deviation of 3.6 (using equation 12 it w as 64 � 4 : 3).

Our estimates of (� =� )

1 = 2

w ere close despite the biases in b oth � and � . Since � and � are

biased in the same directions, the biases partially o�set in (� =� )

1 = 2

. It is also w orth noting

25



Mean of

Estimated

Co e�cien t

Actual

Co e�cien t

Sample

Standard

Deviation

� 0.007

(0.001)

0.0120 .00088

� 2.527

(0.004)

2.75 .088

T able 2: Using equation (11')

that the asymptotic standard deviation of the measuremen t error ac hiev ed b y the optimal


at-w eigh t or exp onen tially w eigh ted rolling regressions is prop ortional to (� � )

1 = 4

. This

means that measuremen t errors in � and � m ust b e quite large to ha v e m uc h e�ect on the

accuracy of the con�dence in terv als. F or example, getting � wrong b y a factor of 2 thro ws

o� the con�dence in terv als b y only ab out 19%. T ables 3 and 4 compare the asymptotic

v ersus actual co v erages in the measuremen t error, giving the prop ortion of measuremen t

errors falling b et w een � 1 ; � 2, and � 3 estimated asymptotic standard deviations, along

with the standard errors. The asymptotic con�dence bands are sligh tly to o narro w, but not

drastically so.

Standard

Deviations

Mean

Co v erage in

Sim ulation

Asymptotic

Co v erage

1 0.6393

(0.0007)

0.6827

2 0.9306

(0.0004)

0.9545

3 0.9929

(0.0001)

0.9973

T able 3: Using equation (12)

******* Figure 5 near here *********

Figure 5 plots 95% con�dence bands. W e used the delta metho d to transform our

asymptotic distribution for h

� 1 = 4

(

^


 � 
) in to an asymptotic distribution for h

� 1 = 4

(ln

^


 �

ln 
). This, com bined with our assumption that �

t

= � � 


2

t

and �

t

= �


2

t

implies that the

width of the con�dence b ounds in a log plot is constan t, so the extension from �gure 5 to
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Standard

Deviations

Mean

Co v erage in

Sim ulation

Asymptotic

Co v erage

1 0.5915

(0.0008)

0.6827

2 0.8991

(0.0006)

0.9545

3 0.9848

(0.0002)

0.9973

T able 4: Using equation (11')

con�dence b ounds for the whole sample is immediate.

******* Figure 6 near here *********

Figure 6 is analogous to �gure 5, except that it uses sim ulated data, and plots the true

(sim ulated) 


1 = 2

t

along with the � 2 standard deviation con�dence b ounds. Ov erall, the

asymptotic appro ximation p erforms tolerably w ell in the sim ulations using equation (11')

and extremely w ell using (12).

6 Conclusion

While this pap er has, w e b eliev e, shed new ligh t on rolling regressions as conditional v ariance

and co v ariance estimators, m uc h w ork remains. F or example, in tests of asset pricing

theories the link b et w een conditional means and conditional co v ariance matrices is usually

crucial. As w e ha v e seen, conditional co v ariances can b e accurately measured using high

frequency data (i.e., taking h to zero). Unfortunately , estimating conditional means requires

a long sp an of data as opp osed to a high observ ation frequency , see e.g., Merton (1980).

Since the asymptotic results dev elop ed in this pap er are p ointwise in time, they do not

adequately equip us to study the join t ev olution of conditional means and co v ariances over

time.

A second limitation is our consideration only of unconstrained linear regression to com-

pute the estimated conditional co v ariance matrix. Constrain ts on the conditional co v ariance

matrix (e.g., on the eigen v alues or eigen v ectors) are lik ely to pro v e imp ortan t in dynamic

factor analysis or principle comp onen ts.

Finally , as w e ha v e seen, conditionally thic k-tailed pro cesses reduce the e�ciency of
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least squares based pro cedures suc h as rolling regressions. It should b e p ossible to adapt

the metho ds for robust estimation of co v ariance matrices dev elop ed for the i.i.d. case (see,

e.g., Hub er (1981)) to the rolling regression framew ork.

7

Extending our results in these

directions ma y pro v e quite c hallenging, but should b e w orth the e�ort.

The Wharton Sc ho ol, Univ ersit y of P ennsylv ania, Philidelphi a P A 19104 Phone: 215 898

8233.

Univ ersit y of Chicago Graduate Sc ho ol of Business and N.B.E.R., Chicago IL 60637. Phone:
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APPENDIX

W e will drop the pre�x \ h

00

from our sto c hastic pro cesses to conserv e space in our pro ofs.

Lemma's, theorem's etc., will include the \h"'s. All pro cesses dep end on h.

PR OOF OF THEOREM 1: W e will �rst divide the problem in to t w o pieces.

De�nition

h




( ij ) T

=

P

�

h




( ij ) �

h

w

� � T

� � .

Lemma 1 If Assumptions A & D hold, then

h

� 1 = 4

(

^




( ij ) T

� 


( ij ) T

) = h

1 = 4

X

�

w

� � T

� B

( ij ) �

+ o

p

(1)

h

� 1 = 4

( 


( ij ) T

� 


( ij ) T

) = h

� 1 = 4

X

�

	

� � T

� M

�

( ij ) �

+ o

p

(1)

F rom lemma A.1, it is ob vious that theorem 1 holds. The pro of of lemma A.1 relies on

some other lemmas whic h w e will pro v e �rst.

7

Robust conditional v ariance estimation metho ds ha v e b een emplo y ed in the AR CH literature. F or

example, T a ylor (1986) and Sc h w ert (1989) estimate the conditional standard deviation as a distributed

lag of absolute residuals (rather than estimating the conditional v ariance as a distributed lag of squared

residuals). Sc h w ert w as explicitl y motiv ated b y the robust v ariance estimation metho ds of Da vidian and

Carroll (1987). F or a formal analysis of the robustness prop erties of these mo dels see Nelson and F oster

(1992).
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Lemma 2

^




( ij ) T

� 


( ij ) T

+

p

h

X

�

w

� � T

� Q

( ij ) �

+ h ( B

ij

+ B

j i

+ D )

wher e

B

j i

�

X

�

( �

( j ) �

� ^�

( j ) �

) w

� � T

� M

( i ) �

and

D �

X

�

( �

( j ) �

� ^�

( j ) �

)( �

( i ) �

� ^�

( i ) �

) w

� � T

� �

PR OOF OF LEMMA A.2: First note that

� X

( j ) �

� h ^�

( j ) �

= � M

( j ) �

+ h�

( j )

� h ^�

( j ) �

= � M

( j ) �

+ h ( �

( j ) �

� ^�

( j ) �

)

So

[� X

( i ) �

� h ^�

( i ) �

][� X

( j ) �

� h ^�

( j ) �

] = (� M

( i ) �

+ h ( �

( i ) �

� ^�

( i ) �

)) �

�

� M

( j ) �

+ h ( �

( j ) �

^�

( j ) �

)

�

= � M

( i ) �

� M

( j ) �

+ h ( �

( j ) �

� ^�

( j ) �

)� M

( i ) �

+

+ h ( �

( i ) �

� ^�

( i ) �

)� M

( j ) �

+

+ h

2

( �

( j ) �

� ^�

( j ) �

)( �

( i ) �

� ^�

( i ) �

)

De�ne A =

P

�

w

� � T

� M

( i ) �

� M

( j ) �

Th us,

^




( ij ) T

� A + h ( B

ij

+ B

j i

+ D ) .

No w analyzing A :

A =

X

�

w

� � T

� M

( i )

� M

( j ) �

=

X

�




( ij ) �

w

� � T

� � +

X

�

w

� � T

(� M

( i ) �

� M

( j ) �

� 


( ij ) �

� � )

= 


( ij ) T

+

p

h

X

�

w

� � T

� Q

( ij ) �

2

Lemma 3




( ij ) T

� 


( ij ) T

X

w

� � T

� � =

1

X

s =0

	

s � T

� M

�

( ij ) s

+ E + F

wher e E � � ( T )

P

1

s =0

	

s � T

� s and F �

P

1

s =0

	

s � T

( � ( s ) � � ( T ))� s .
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PR OOF:




( ij ) T

� 


( ij ) T

1

X

s =0

w

� � T

� � =

X

�

(


( ij ) �

� 


( ij ) T

) w

� � T

� �

= (

X

� >T

� � h

X

s = T

�


( ij ) s

w

� � T

� � �

X

� <T

T � h

X

s = �

�


( ij ) s

w

� � T

� � )

= (

X

T � s<�

w

� � T

�


( ij ) s

� � �

X

� � s<T

w

� � T

�


( ij ) s

� � )

= (

1

X

s = T

1

X

� = s + h

w

� � T

� � �


( ij ) s

�

T � h

X

s =0

s

X

� =0

w

� � T

� � �


( ij ) s

)

=

1

X

s =0

( I

s � T

1

X

� = s + h

w

� � T

� � � I

s<T

s

X

� =0

w

� � T

� � )�


( ij ) s

=

1

X

s =0

	

s � T

�


( ij ) s

No w use the Do ob-Mey er decomp osition of �
, and w e get




( ij ) T

� 


( ij ) T

X

w

� � T

=

1

X

s =0

	

s � T

( � ( s )� s + � M

�

( ij ) s

)

= � ( T )

1

X

s =0

	

s � T

� s +

1

X

s =0

	

s � T

( � ( s ) � � ( T ))� s +

1

X

s =0

	

s � T

� M

�

( ij ) s

2

Lemma 4 Under Assumptions A & D the fol lowing hold

(A.1) B

ij

= o

p

( h

� 3 = 4

)

(A.2) D = O

p

(1)

(A.3) E = O

p

( h

1 = 2

)

(A.4) F = O

p

( h

1 = 2

)

PR OOF OF (A.1): Because �; ^� , and w are all predictable, and � M is a martingale

di�erence arra y ,

E ( B

ij

) = 0

and

E ( B

2

ij

) = E (

X

�

( �

( i ) �

� ^�

( i ) �

)

2

w

2

� � T




( j j ) �

� � ) :

But, b y part i of Assumption (A) w e kno w that

sup

T

�

� � � T

�

( �

( i ) �

� ^�

( i ) �

)

2

= O

p

(1)
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By Assumption D, w e kno w sup ( w

2

� � T

) = O

p

( h

� 1

). By parts iv and vii of Assumption A,

w e kno w that sup(


( j j ) �

) = O

p

(1). By D , w e kno w that there are O ( h

� 1 = 2

) terms in our

sum. And b y de�nition, � � = h. Th us, E ( B

2

ij

) = O

p

( h

� 1 = 2

). So, b y Jensen's inequalit y

P ( B

ij

> M h

� 3 = 4

) < O

p

( h

� 1 = 2

) = M

2

h

� 3 = 2

= O

p

( h

1

) = o

p

(1)

PR OOF OF (A.2): Using part i of Assumption A and Assumption D w e see that D = O

p

(1).

PR OOF OF (A.3): Using part iii of Assumption A, w e see that �

T

= O

p

(1). By Assumption

D and the de�nition of 	 w e can therefore conclude that E = O

p

( h

1 = 2

).

PR OOF OF (A.4): Using part ii of Assumption A, the de�nition of  , and Assumption D,

w e see that F = O

p

( h

1 = 2

). 2

PR OOF OF LEMMA A.1: F ollo ws b y substituting lemma A.4 in to lemmas A.2 and A.3.

2

Th us, w e ha v e no w completed the pro of of theorem 1.

PR OOF OF THEOREM 2: By Theorem 1, w e need only analyze

h

1 = 4

X

�

w

� � T

� B

( ij ) �

+ h

� 1 = 4

X

�

	

� � T

� M

�

( ij ) �

:

But since B and M

�

are martingales, w e kno w its mean to b e zero and its co v ariance

b et w een terms ij and kl to b e:

h

1 = 2

X

�

w

( ij ) � � T

w

( k l ) � � T

�

( ij k l ) �

� � + h

� 1 = 2

X

�

 

( ij ) � � T

 

( k l ) � � T

�

( ij k l ) �

� �

+

X

�

w

( ij ) � � T

 

( k l ) � � T

q

�

( ij ij ) �

�

( k lk l ) �

�

( ij k l ) �

� �

+

X

�

w

( k l ) � � T

 

( ij ) � � T

q

�

( k lk l ) �

�

( ij ij ) �

�

( k lij ) �

� �

whic h b y Assumptions (A.v), (A.vi) and B is asymptotically equal to C

( ij k l ) T

. No w applying

the standard martingale cen tral limit (whic h uses Assumptions C and A.vii and A.viii) see,

e.g., Liptser and Shiry a y ev (1980), w e get the desired result. 2

PR OOF OF THEOREM 3: Before w e b egin w e ha v e to men tion a detail ab out what w e

are going to pro v e. W e will pro v e that trimmed-mean v ersions of (10) and (11) will w ork

ha v e the desired prop erties. Th us, w e will replace the sum

X

�

f

�

( � )

2
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b y a trimmed v ersion, namely

X

�

min ( f

�

( � )

2

; M ) :

(In the m ultiv ariate case, eac h elemen t of the matrix f

�

( � ) f

�

( � )

0

should b e trimmed b y the

constan t M.)

First w e need to represen t f

�

( � ) as

f

�

( � ) =

� + �h

1 = 2

X

s = �

h

� 1 = 2

(� X

s

� ^�

s

� s )

2

=� �

�

X

s = � � �h

1 = 2

h

� 1 = 2

(� X

s

� ^�

s

� s )

2

=�

=

X

s

h

� 1 = 2

w

�

(( s � � ) h

1 = 2

)(� X

s

� ^�

s

� s )

2

where w

�

( x ) is de�ned as h

� 1 = 2
1

�

sgn( x ) I

[ � �;� ]

( x ), where sgn(x) is the sign of x. I.e. sgn( x ) =

1 if x > 0, and sgn( x ) = � 1 if x < 0. Th us, w e ha v e written f

�

in the form of equation

(5). If

P

s

w

�

( s ) h = 1, then Assumption D w ould hold and w e could apply lemmas A.2-A.4.

But, lo oking at the pro ofs of A.2-A.4 w e see that this fact isn't used. Th us, from lemmas

A.2-A.4 w e ha v e an asymptotic represen tation for f

�

( � ) in terms of martingales. Using the

same CL T as b efore, w e can �nd the asymptotic distribution for f

�

( � ). In particular f

�

( � )

con v erges to a normal with mean zero and v ariance of 2 �

�

=� + 2 � �

�

= 3. Th us, asymptotically

lim

M !1

lim

h ! 0

E (min( f

�

( � )

2

; M ) ! 2 �

�

=� + 2 � �

�

= 3 :

No w applying the la w of large n um b ers

lim

M ! 1

lim

h ! 0

1 =K

X

�

min ( f

�

( � )

2

; M ) = 
( � ) ! 2 �

�

=� + 2 � �

�

= 3 :

Substituting this in to equations (10) and (11) w e get the desired result.

Note: This pro of also w orks for the m ultiv ariate problem.

Note: The imp ortance of the truncation is that con v ergence in distribution will imply

con v ergence in mean only for b ounded random v ariables. So, w e m ust mak e the f

�

( � )

2

b ounded to use the la w of large n um b ers. 2

PR OOF OF THEOREM 4: This theorem consists of three di�eren t optimizations of

equation (9). P art (a) forces m

0

to b e zero, part (b) forces n

0

to b e zero, and part (c) only

constrains n

0

and m

0

to b e non- negativ e. P arts (a) and (b) follo w from taking deriv ativ es

and setting equal to zero. By the form of equation (9), it is ob vious that there is a unique
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minim um. P art (c) is solv ed b y using partial deriv ativ es. The side constrain ts of non-

negativit y for n

0

and m

0

come in to pla y for extreme v alues of � . Th us, w e get the three

part solution. 2

Lemmas A.5 through A.8 set up theorem 5.

Lemma 5 (Some c alculations for exp onential weights) let c

i

= �

i

(1 � � ) , for i = 0 ; 1 ; 2 ; : : : .

De�ne

C

i

�

1

X

j = i

c

j

= �

i

:

Then,

1

X

i =0

c

2

i

= (1 � � )

2

= (1 � �

2

)

and

1

X

i =0

C

2

i

= 1 = (1 � �

2

)

. The minimum of

1

X

i =0

c

2

i

+ A

1

X

i =0

C

2

i

(24)

o c curs at � = 1 �

p

A + o (

p

A ) , and the minimum value obtaine d is

p

A + o (

p

A ) .

PR OOF: Note that form ula (24) is equiv alen t to

(1 � � )

2

= (1 � �

2

) + A= (1 � �

2

) (25)

The follo wing algebra minimizes (25) to generate our result. ( � = 1 � � )

min

�

( �

2

+ A ) = (1 � (1 � � )

2

)

min

�

( � + A=� ) = (2 � � )

for whic h the minim um o ccurs at �

2

= A (1 � � ), whic h is � =

p

A + o (

p

A ), and the v alue

of (25) at this p oin t is

p

A + o (

p

A ). 2

Lemma 6 (Discr ete appr oximately e quals c ontinuous), A ny c

0

i

s which sum to one have

the pr op erty that the value of e quation (24) is at le ast

p

A . In p articular, let D

+

=

f f ( � ) j

R

1

0

f ( t ) dt = 1 g , then

n

X

i =1

c

2

i

+ A

n

X

i =1

C

2

i

� min

f 2D

Z

1

0

f ( t )

2

dt + A

Z

1

0

(

Z

1

0

f ( s ) ds )

2

dt (26)

�

p

A:
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PR OOF: T aking

f ( t ) = w

i

for i � t < i + 1

whic h is in D , and its v alue is exactly the left hand side of (26). This pro v es the inequalit y

part. W rite

f ( t ) = �e

� �t

+ � ( t ) ;

with � =

p

A . Then

Z

1

0

� ( t ) dt = 0 (27)

Because

R

f ( t ) dt = 1, and

R

�e

� �t

dt = 1. The follo wing follo ws b y an in terc hange of

in tegrals and the de�nition of � ( � ):

Z

1

0

f ( t )

2

dt = �= 2 +

Z

1

0

� ( t ) �e

� �t

dt +

Z

1

0

� ( t )

2

dt: (28)

Ob viously ,

Z

1

t

f ( s ) ds = e

� �t

+

Z

1

t

� ( s ) ds

Some more calculus yields:

Z

1

0

�

Z

1

t

f ( s ) ds

�

2

dt =

Z

1

0

� ( t ) dt �

Z

1

0

� ( t ) e

� �t

dt +

Z

1

0

�

Z

1

t

� ( s ) ds

�

2

dt (29)

Substituting (27) in to (29) yields:

Z

1

0

�

Z

1

t

f ( s ) ds

�

2

dt = �

Z

1

0

� ( t ) e

� �t

dt +

Z

1

0

�

Z

1

0

� ( s ) ds

�

2

dt (30)

Our desired result is no w A times equation (30) plus equation (28). Putting these together

yields (recall � =

p

A ):

goal = � +

Z

1

0

� ( t )

2

dt +

Z

1

0

(

Z

1

0

� ( s ) ds )

2

dt � �;

with equalit y holding if f ( � ) = �e

� �t

.

2

Lemma 7 If

P

1

i =0

c

i

= p , then c

i

= p�

i

(1 � � ) is asymptotic al ly (as A ! 0) the minimizer

of e quation (24) with an asymptotic value of p

2

p

A .

PR OOF: Lemma A.5 sho ws the v alue of (24) for these c

0

i

s , and lemma A.6 sho ws they can't

b e impro v ed up on. 2
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Lemma 8 R estrict w

s

such that

R

1

0

0

w

s

ds = p. Then the optimum w

s

is

0

w

s

=

8

<

:

p�e

� �s

for s � 0 ;

(1 � p ) �e

� �s

for s < 0 ;

(wher e � =

p

� =� ) , which yields an asymptotic varianc e of

p

� � ((2 p � 1)

2

= 2 + 1 = 2 � (2 p � 1) �:

PR OOF: W e will break the problem in to t w o pieces, the p ositiv e part ( s � 0) and the

negativ e part ( s < 0). Eac h will b e separately minimized for eac h v alue of p =

R

1

0

0

w

s

ds .

First consider

Z

1

0

w

s

	

s

ds =

Z

1

0

w

s

Z

1

s

w

t

dtds

= (1 = 2)(

Z

1

0

w

s

Z

1

s

w

t

dtds +

Z

1

0

w

s

Z

1

s

w

s

dsdt)

= (1 = 2)

Z

1

0

Z

1

0

w

s

w

t

dtds = p

2

= 2

Therefore for �xed p , minimizing the w's is the same as minimizing equation (26) ab o v e

with A = � =� . Th us, the parameter of the exp onen tial function is iden tical regardless of p

and regardless of whic h side of zero w e are on. So, � =

p

A , is optimal. 2

PR OOF OF THEOREM 5: Lemmas A.5 through A.8 pro v e ev erything except pic king the

v alue of p. F or parts (A) and (B), the v alue of p is determined so w e are done. F or part

(C) w e need to minimize the v ariance with resp ects to p. The v ariance is

p

� � ((2 p � 1)

2

= 2 + 1 = 2 � (2 p � 1) � )

whic h is minimized at (2 p � 1) = � . Th us, the minim um o ccurs at p = (1 � � ) = 2, so the

optim um v ariance is

= (1 = 2)

p

� � (1 � �

2

)

2

PR OOF OF THEOREM 6: Equation 3.7 follo ws from 9 b y substitution. 3.7 is ob viously

p ositiv e whic h pro v es our result. 2
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Figure 1: Dominance relations. This graph sho ws that the accuracy of v arious estimates

of the v ariance vs. time. The optimal t w o sided exp onen tially w eigh ted estimate is nor-

malized to ha v e a standard error of one. Relativ e to the accuracy of this estimator, the

optimal t w o-sided 
at w eigh t has a standard error of 1.07. The F renc h/Sc h w ert/Stam baugh

assumes a �xed v ariance o v er the mon th so its p erformance c hanges o v er the mon th. The

optimal one-sided 
at w eigh t estimator uses only historical data and so do es w orse than the

other estimators whic h use b oth the past and the future to estimate 


t

.
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Figure 2: Real vs apparen t measuremen t accuracy .
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Figure 3: Whitened returns of the S&P 500.
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Figure 4: Estimated log of the v ariance of the S&P 500: A 25 da y t w o-sided 
at-

w eigh t rolling regression w as used to estimate the v ariance of the S&P 500. (50 da ys in

total.) There are 240 non-o v erlapping estimates of the v ariance (60 y ears � 200 trading

da ys p er y ear / 50 da ys p er estimate). The graph sho ws that assuming conditional ho-

mosk edasticit y is reasonable.
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Figure 5: 95% con�dence bands: F or eac h �xed time �gure 4 sho w ed the estimate of 
.

This graph sho ws a 95% con�dence in terv al around that estimate. (

b




t

� 2 S. E.) The 95%

holds p oin t wise, not uniformly o v er the en tire in terv al so w e w ould exp ect that 5% of the

time that the con�dence in terv al do es not co v er the truth. Notice that this is a log scale

plot of the 


1 = 2

t

.
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Figure 6: Sim ulated data with 95% con�dence bands: The \truth" is seen to b ounce

around mostly b et w een the con�dence b ounds{95% of the time lieing b et w een the b ounds

and 5% of the time b ouncing outside them. Since these bands hold p oin t wise, the \truth"

should b e outside them 5% of the time.
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