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Abdgract

Students who are new to Statistics and its role in moden Finance have ahard time
making the connection between variance andrisk. To link these, we developed a classroom
smulation in which groupsof studentsroll dice that s mulate the success of three investments.
Thesimulated investments behave quite differently: oneremainsalmog congant, another drifts
dowly upward, and thethird climbsto extremes or plummets. Asthe simulation proceeds
some groupshave great success with this last investment Bthey become the QVarren BuffettsO
of theclass, accumulating far greater wealth than thar classmates. For mog groups however,
this last investment leadsto ruin because of its volatility, thevariance in itsreturns The
marked difference in outcomes surprises students who discover how hard it isto separate luck
from skill. Thesimulation aso demondrates how portfolios weighted combinaionsof
investments, reduce thevariance. Students discover tha amixture of two poorinvestments
emerges as a surprising performer. After this experience, our students immediately assodate
finanaal volatility with variance. Thislesson also introduces students to the history of the stock
market in theUS. We calibrated thereturnsontwo simulated investments to mimic returnson
US Treasury Bills and stocks.
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1. Introduction

Theddinition of variance as the expected squared deviation from the mean often strikes
students as capricious When shown a histogram, our students seldom suggest measuring
spread by finding the average squaed deviation from the mean Bunless they have read thetext
or met theddinitionin other courses. Thos who have seen boxplots pick theinterquatile
rangeand others suggest the average absolute deviation. Students often ask us QVhy average
squared deviationsfrom the mean20 When teaching an introdudory course, we cannotapped
to efficiency arguments that assume nomality to justify variance as a hatural Omeasure of
scale.

When dedling with money, however, thedefinition of variance isjud right. In Finance,
therisk of an investment is precisely thevariance of itsreturns  Rather than link these through
definitions we have foundit more engaging and memorable to let students experience the
effects of variance first-hand in asimulation. In this experiment, students roll dice that
determinethevalue of several investments and reveal therole of variance. Thediscussion of
this ssimulation requires only basic properties of meansand variances, with the mos
sophisticated propety being tha the variance of asum of indgpendent quantitiesisthe sum of
thevariances.

We have used this dice smulation successfully for over 10 yearsin courses taughtat
three levels. Because the exercise requiresrelatively little background it can beused early in
the curriculum before normality and standad error. Thesimulation has become a standad
component of theintrodudory undegraduae course in Statistics at Wharton. Students need
only have been introduced to histograms and their connection to the mean, standad deviation,
andvariance. Theideaof adiscrete randomvariable isussful (for that is wha the students will
be smulating) butthisis notnecessary. We also regularly use this smulationin therequired
MBA course. MBA students generally have a better sense of the econonics of investing, but
many are nonehdess surprised to discover therich connection between Statistics and Finance.
In more advanced courses, such as undegradude courses in mathematica statistics or
probability, we use thedice simulationto illugrate discrete randomvariables. Thesimulation
and enauing discussion consume a full hourand 20-minute class; it also works well divided into
2 one-hourclasses.
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Theinvestments smulated by thedice in this exercise mimic actud investments. One
investment resembles a conservative money-market fundwhos interest has been adjused for
theeffects of inflation. At the other extreme, a secondinvestment matches our intuitive
definition of arisky stock. It resembles the performance of many of the high-flying tech stocks
in thelate 1990sduring the dot-com bubbk. A third lies between these extremes and peforms
like the overall stock market.

We have students smulate the value of these investments by rolling three differently
colored dice. We labd thethree investments Red, White, and Green because it is easy to find
dicein these colors. We have, onoccasion, tried to save class time by usng a computer to run
thesimulation; it is easy to program thesmulationin Excel, say. End-of-the-term course
evaluaionshave shown, however, tha students who have donethe experiment by handOmore
often mention this lesson as onetha was particularly effective. Students notonly see the
importance of variance in Statistics, butthey also discover therelevance of Statistics in thereal
world. After this smulation, everyoneappreciates theimportance of variance when looking at
daa. Asour naiondiscusses privatizing Soda Security and shifting retirement investments
into stocks, it would beuseful if more citizensunderstood these lessons

Thefollowing section describes the dice smulation. Thethird section describes the
originsof the simulated investments and explainshow portfoliosimproveinvestments by
redudng variation. This section also introduces the notion of volatility drag to quantify the
effects of variation. The conduding section returns to thetheme of distinguishingludk from
skill.

2. The Dice Simulation

2.1 Getting Started

Before describing the smulation, we dividethe classinto teams. Teams of 3 or 4 students seem
aboutright One person on each team plays therole of naure (or the market) and rolls thedice.
Another keepstrack of thedice and reads off ther values, and a third recordsthe outcomes.
Others can hdp out by retrieving thedice and checking the calculations

Once we have divided the class into teams, we pos thefollowing question. WeQre
foundit useful to elicit awritten preference from each team before starting the smulation. This



Being Warren Buffet 4

gets them talking aboutthe simulation and avoids too many Monday morning quaterbacksOin
thesubsquent discussion. If ateam has chosen an investment before starting the simulation,
the team members seem more interested in following thar choice as thesmulation evolves.

Question 1. Which of the three investments summarized in the following

table seems the most attractive to the members of your group?

Expected Annual SD of Annual
Investment Percentage Change | Percentage Change
Green 8.3% 20%
Red 71% 132%
White 0.8% 4%

Table 1. Expected value and standard deviation of the annual percentage change in the value of

three investments.

We describetheinformationin Table 1 usng examples such as thefollowing:

Suppo® tha you invest $1000in oneof these choices, say Red. Table 1
tellsyou tha you can expect the value of your investment to be 71%larger at
the end of thefirst year, upto $1,710.

Similarly, if we start with $1000in each of these, wel@ expect to have $1,083in Green and
$1,008in White after oneyear. Because the expected vaue of a produd of indgpendent random
variablesisthe produd of expectations we can find the expectationsfor each investment over a
longe horizon given this assumption. Over 20 years, theinitia investment of $1000in Red
grows in expectation to an astonishing $1000x (1.71)° = $45700000. By compaison, the
initial investment in Green growsto $4,927 and White creepsupto $1,173

Students find such calculationsof expected values quite reasonéble, but have little
intuition for howto anticipae theimportance of the standad deviation Bother than to recognize
tha the presence of alarge standad deviation meanstha theresults are not guaanteed. The
massive standad deviation leads some students to question thewisdom of investing in Red, but
modg find it difficult to see how to trade off its large averagereturn for the variation. Theannud
return on Red is about9 times tha of Green, but its standad deviationisaso 6.5 timeslarger.
Few students appreciate the bunmpy ride promised by Red.
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At this point in thediscussion, many teams find the large average return of Red quite
appeding. Regardless of thelevel of theclass, we have found thefollowing example ussful asa
means of suggesting theimpact of variation onthelongrun behavior of an investment.

Suppoe that agraduae landsagoodjob tha pays $100000 per year. In thefirst year, the
company does well and her salary grows by 10% to $110000 Thenext year isleaner, and she
hasto take 10%cut in pay, redudng he salary down to $99000. The average percentage
changein her salary is zero, butthene effect isaloss of 1% of thestarting salary over thetwo
years. Figured at an annud rate, that@aloss of 0.5% per year. It turnsouttha this smple
exampleisaspecia case of amore genera propaty that captures how variance eventudly
wipes outinvestmentsin Red.

2.2 Running the Simulation

After thisintrodudion, we pass out three dice to each team alongwith a daa-collection
form similar to tha suggested in Figure 1. (A full-pageversion of this form suitable for usein
classis available at www-stat.wharton.upenn.edu/~stine) Thisform organizes theresults of the
simulationin aformat useful in later steps Theunused last column saves space to compute the
returnson a portfolio later in theexercise. We collect these sheets at the end of thesimulation
so tha we can review theresultsin thenext class. We have foundtha students keep better
recordswhen we tell them in advance tha we will collect these forms at the end of class.

Round Green Red White

Starting value $1000 $1000 $1000
Return,
Value
Return,
Vaue

Returns
Figure 1. Initial rows of the data-collection form used to record the value of the three

investments simulated by rolling a red die, a white die, and a green die.

Before the class beginsthe simulation, we carefully explain how thedice determinethe
values of theinvestments. Eachroll of all three dice smulates ayear in themarket, and the
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outcomes of the dice determine wha happensto the money hdd in each investment. Table 2
shows how the outcomes of thedice affect the values of thethree investments. Each cell of
Table 2 givesthegross return onevery $1linvested. Thegross return onan investment over
some time interval istheratio of itsfind valuetoitsinitial value For example, if thegreen die
rolls 1, then every dollar invested in Green fallsinvalueto $0.80. Rather than use percentage
changesasin Table 1, we switch to gross returnsfor doing the calculationsin thesimulation.
Percentage changes are familiar, butreturnsare more natural for thesmulation. We find it

hdpful to project thistable onto a screen that isvisible to theclass as the ssimulation proceeds

Outcome Green Red White
1 08 0.05 0.95
2 0.9 0.2 1
3 11 1 1
4 11 3 1
5 1.2 3 1
6 14 3 11

Table 2. Annual gross returns for the three investments simulated by rolling three differently

colored dice.

An example of the calculationsexplainsthe use of Table 2. Each investment in the
smulation beginswith an initial value of $100Q asindicated in thefirst row of thedaa
collectionform. To simulate ayear in this market, each team rolls al three dice. Suppo® tha
onthefirst roll the dice show these outcomes:

(Green 2) (Red 5) (White 3)
Thevaue?2 for thegreen die tells usto use the gross return 0.9 from the secondrow of Table 2
for Green; Green’s value becomes $1000x 0.9 = $900. Said differently, the percentage change
in Green is BL0% We have experimented by showing atable of percentage changes rather
than returns butwe have foundtha students make fewer mistakes in calculationsif given the
returns Thevalues of theinvestments after thefirst year are:

Green $1000x 0.9 = $900
Red $1000x 3= $3000
White $1000x 1 = $1000
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The outcomes of rolling al three dice a secondtime determine how these values grow or fall in
the second QrearOof thesimulation. Assume tha the secondroll of the dice gives

(Green 4) (Red 2) (White 6)
In this case, thegross return for Green fromthe 4™ row of Table 2 is 1.1; Green increases by

10% After two rounds thethree investments are worth

Green $900 x 1.1 =$990
Red $3000x 0.2 =$600
White $1000x 1.1 =%$1100

Figure 2 shows therecording sheet after thefirst two rolls.

Round Green Red White
Starting value $1000 $1000 $1000

Return, 0.9 3 1
Value 900 3000 1000
Return, 11 0.2 11
Vaue 990 600 1100
Returns

Figure 2. Data table recording the outcomes of the first two rounds of the dice simulation of

three investments.

After illugrating howto use Table 2, we pos another question to theclass and let the

smulation begin.

Question 2. Which of the three investments described by the multipliers in

Table 2 has the largest value after 20 years in your simulated market?

We runthesimulationfor 20 QearsQin order to alow thelongterm paternsemerge. If the
simulation runsmuch longe, the Red investment becomes less likely to dowell. Stopping after
20roundsleaves a goodchance tha some team will bedoing very well with Red.

In amore advanced class tha has covered discrete randomvariables, we describe Table
1 more precisely. Randomvariables are a naural way to represent theuncertainty of thevalue
of investments tha, unlike bank accounts, can increase or decrease in value Therandom
variable tha is mog naural in this context is thereturn ontheinvestment. For example, let the
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randomvariable R denote the gross return on Red so tha thevalueof Red after oneyear is
$1000R. If thered dierolls 2, then Table 2 gives R=0.2 so tha Red falls by 80%, dropping
from $1000down to $200. Similarly, the other columnsin Table 2 definesimilar random
variables, say G and ¥, for thereturnson Green and White, respectively.

We assign an exercise to have more advanced students verify tha thereturnsin Table 2
correspondto the meansand standad deviationsof the percentage changes shown in Table 1.
For example, Table 1 impliestha E(R) = 1.71, which can beverified from direct calculation:

_0.05+O.2+1+3+ 3+3
6

E(R)
=1.70833
Therest of thetable follows similarly.

2.3 Pink

Astheclass runsthe simulation, we browse theroom to see how thedifferent teams are
doing and check tha they are calculating the values correctly. Generdly, theroomgets alittle
noisy, paticularly if there@® ateam for which Red is growing. Red triplesin vauehdf of the
time, so there@ a goodchance that some team will do well with Red if thesimulationisrun 20
rounds Direct calculation shows tha the probability tha Red ending with value $10000or
more is about20%, and the chance for becomingamillionare with Red is abit larger than 5%.

After letting the class run thesimulation for 20 rounds we interrupt the chater and pose
another task. We ask the studentsto consder ahybrid investment tha mixes the previous
results for Red and White. We cal thisinvestment Pink. Thistask does notrequire more
rolling of thedice. All of theinformation needed for this part of the experiment is already
recorded on thedata collection form.

To compute thevalue of Pink, weindruct the students to use the previously recorded
outcomes Of thered and white dice. Itisagan easiest to describehowto findthevalueof Pink
with an example. Pink aso beginsthe simulationwith $1000,evenly split between Red and
White. Asaresult, thereturn for Pink isthe average of thereturnsprevioudy obtained for Red
and White. For example, usng the same outcomes as in the previousilludration (Red=5 for a
return of 3 and White=3 for areturn of 1), thevaue of the Pink becomes

3;1: $2,000

$1,000x
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Compoundel in the secondround(in which Red=2 with return 0.2 and White=6 with return
1.1), thevaueof Pink fallsto

02+1.1

$2,000x =$1300

Figure 3 shows thedaarecording form after adding these calculationsfor Pink in thelast
column. Itisessential that students averagethe returns, notthevalues, for Red and White.

Round Green Red White Pink
Starting value $1000 $1000 $1000 $1000
Return; 0.9 3 1 2
Value 900 3000 1000 2000
Return, 11 0.2 11 0.65
Vaue 990 600 1100 1300

Returns

Figure 3. Data recording form with the values for Pink added to the calculations.

Before turning theteams loose to compute Pink, we po<e athird group of questionsto
make them think before calculating. Because Pink mixes thereturnsof Red and White, most

students anticipae it to mix bad with boringandfal in value

Question 3. Before you compute your outcomes, discuss Pink with your
team. How you expect Pink to turn out? Do you think it will be better or

worse than the others?

We have foundit useful to circulate throughtheroom as the teams figure outthe results
for Pink. Often, asthey dothecalculations teams sugpect tha they have donesomething
wrongbecause Pink does so welll' A common mistake is to shortcut the work by averaging the
find valuesfor Red and White. Thiserror gives avery different answer than obtained by

averaging thereturns
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2.4 Collecting the results

Once theteams have finished calculating thevalues of Pink, we quay them in classfor
ther results. To maintain flow of thediscussion, we find it easiest to track theoutcomes for the
investments on atrangoarency tha we augment asteams announe results. Figure 4 showsthe
results from atypical run of thedice simulation. Pink generally QuingOfor mogt teams. Green
shows steady growth and is usudly thebest of theorigind aternaives. White sssldommoves
far fromtheinitial $1,000stake. For mog, Red bounces aroundand then becomes near
worthless, falling to penniesin value

Figure 4 about here

Thedice simulation surprises mog students, even more experienced MBAs. Perhgpsthe
biggest surprise hgppenswhen ateam announes a hugevaluefor Red. Aswe poll theclass,
mog teams announ@ small valuesin Red, often lessthan $1. It comes as quite a shok when a
team announes tha thar investmentin Red is worth more than $10000000. With a bit of
fanfare, we prodaim this team to be the QWarren BuffettsOof the class. Busness students
generaly know the name by reputation.

Warren Buffett is well-known amonginvestors for his down-to-earth approach to
investing. Often ignoling popukr trends Buffett built his company, Berkshire Hathaway, into a
$133billion hdding company by purchasing the stocks of companies tha made produds he
liked and undestood. His strategy has been very successful. In 2005 Forbes Magazine
estimated Buffett® net worth at $44billion, second only to that of Bill Gatesin itslist of the
mog wealthy people in theworld.

Pink presents the students with their second surprise. Theresultsin Figure 4 aretypical.
Pink ismore volatile than Green, butcloses with alarger value Acrosstheclass Bwith the
exception of the Warren Buffetts B Pink usudly finishes with the highest value  ThoughPink
mixes two investments tha are individudly poa choices, this smple mix of Red and White
peformsvery well. Tha frequently seems impossible to theclass: How can an average of two
poorinvestments become so valuable? Ther surprise bringscuriogty and provides an incentive
for trying to undestand therole of thevariance.
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3. Discussing the Simulation

3.1 Why these multipliers?

We open our discussion of thedice game by linking thedice to real investments. Green,
which does the best for mog teams until they discover Pink, peformslikethe US stock market
when adjuged for inflation. White represents the inflation-adjusted performance of US Treasury
Bills, the canonical Oisk-freeQinvestment. We madeup Red. We don®know of any investment
tha paformslike Red. If youknow of one please tell usso we can make Pink!

We find our classes eager to see theundelyingfinandal data. To save time, onecould
aternaively provide ahandoutsummarizing these backgroundfacts. Thetimeplotin Figure 5
summarizes the history of stocks and Treasury Billsin the US, monthly from 1926throughthe
end of 2003 This plot tracks the cumulative valueof onedollar invested in January 1926in a
value-weighted portfolio of the US stock market and 30-day Treasury Bills. (A vaue-weighted
portfolio, such asthe S&P 500, buysstock in proportion to ther capitalized value. Alternaives
such as the Dow-Jones Index simply buy oneshare of each.) They-axisin thetimeplot uses a
log scale. When plotted onalog scale, geometric growth appears as astraightline

Figure S about here

Thisplotisalittle misleading because it ignores inflation. Althoughinflation has
recently been low, it has exceeded 15%annudly in the past. (For students who are unfamiliar
with theimpact of inflation, we find it hdpful to show a timeplot of this seriesaswell.) To
adjud for inflation, Figure 6 shows the cumulative values after subtracting therate of inflation
from thegrowth of $1investmentsin the stock market and Treasury Bills. To measure
inflation, we used annud changesin the Consumer Price Index inthe US. Once adjuged for
inflation, investmentsin Treasury Bills declined for several long peiods andtheinitial $1
invested in Treasury Billsin 1926closes at $1.66 at theend of 2003 The$1 invested in the
stock market reaches $161,even alowing for the Great Depression and the bursting of thedot
com bubbk.

Figure 6 about here

Returnsare the key randomvariables in thedice smulation. Figure 7 shows monthly

gross returnsfor stocks and Treasury Bills (after subtracting inflation) onthescale 0.7 to 1.4 (b

30%to 140%). Thevariation of thereturn on Treasury Billsis much smaller than the variation
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in returnson stocks. Returnsonthe stock market use thefull rangeof the plot; those of
Treasury Bills never venture far from 1. We prefer to plot monthly returnsrather than annud
returns because monthly returnsreveal features that are otherwise log on themore coarse time
scale. Attheleft of Figure 7, for example, isthe Great Depression starting in thelate 1920sand
running throughthe 1930s Returnsonthe market were incredibly volatile during tha period.
In 1933,the market dropped amogs 30%in onemonth. Lesswell known istha aboutayear
later, themarket inareased by about 40%in each of two months FollowingWW 11, gross
returnson stocks became rather stable Bat least in comparison to thevolatility during the
Depression. One can also see other important events, such asthefall of the stock market in
Octobe 1987.

Figure 7 about here
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Stocks T-Bills

Mean 1.0877 1.0073

Std Dev | 0.2050 0.0404

Variance | 0.0420 0.0016
N 78 78

Table 3. Means, standard deviations and variances of annual, inflation-adjusted returns on US

stocks and Treasury Bills.

Table 3 gives means, standard deviations and variances of theannud historical returns
on stocks and Treasury Bills. Theannud return on the US stock market aboveinflationfrom
1926through2003averaged 1.0877,dightly more than 8% with standard deviation 0.205,
about20% Returnson Treasury Bills have been essentially flat, jus keeping pace with
inflation. The averagereturn aboveinflation for Treasury Bills has been 1.0073,about 2/3 of
onepecent. Theannud standad deviationis5 times smaller than tha of the stock market.

When compared to the propeties of theinvestments simulated by the dice, we see tha
Green mimics the market and White, Treasury Bills. The expected return on Green (1.083
shown in Table 1 as 8.3%) isvery close to theannud return on the market with comparable
standard deviation. Similarly both the mean of White (1.008 and its standad deviation (0.04)
are clox to tho= of annud returnson Treasury Bills.

3.2 The Role of Variance: Volatility Drag

Pink surprisestheclass. Before gettinginto details, it is essentia tha students
undestand tha Pink isnotasimple average of Red and White. Thereturnson Pink average
those on Red and White, butonedoes not get this performance by starting with $500in Red and
$500in White and leavingit there. Pink requires tha the portfolio berebalanced at the end of
each period so that hdf of thevalueiskeptin Red and hdf in White. Returning to the
illugrative calculations at theend of thefirst rourd theinitial $500invested in Red grows to
$1500and the $500invested in White holdsits value Before the next round the portfolio
needsto be putback into 50-50 bdance; that is, we need to move $500from Red into White, SO
tha each has $1000at the start of the next round This QprotectsOsome of the earnings
produced by Red in the prior roundfrom subsequent volatility. When the secondroll wipes out
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80% of thevalue of Red, it only reduces the $1000left in Red down to $200.Theother $500
producd by Red inthefirst roundremainssafely in White.

We next like to show that it is possible to anticipate the success of Pink. All we need are
its mean and its variance. We can get these moments fromthose for Red and White given in
Table 1 or, to more accuracy, Table 4. (We will describethelast column of Table 4 shortly.)
Because thereturn on Pink averages those on Red and White, students willingly accept tha the
mean return on Pink is (1.7083+ 1.0083)2 = 1.3583. Findingthevarianceisharder and
requires that students know two rules for manipulating variances:

(a) Congants factor outwith squares, Var (¢ X) = ¢* Var(X), and

(b) For indgpendent randomvariables X and Y, variances of sums are sums of

variances, Var(X+Y) = Var(X) + Var(Y).
Because we simulate thereturnsusng separate dice, it should be clear that thereturnson Red
and White areindependent. (Alongwith theinvention of Red, indgpendence of thereturnsin
thedice smulationis asmplifying assumption that differs fromthereal world. Returnsonred
investments are usudly correlated, complicating the andysis of a portfolio.) Using (a) and (b),
thevariance of returnson Pink are easily foundto be

"R+W %
2 &
= VarlR?/(-)l- VaruW 7
2& 2 &
Var(R) + Var(W)
B 4
_ 1.7554 +0.0020

4
Pink givesup! of thereturn on Red inreturn for redudng thevariance by " .

Var(Pink) = Var

=0.4393

Mean Variance of Volatility
Investment Return Return Adjusted Return
Green 1.0833 0.0381 1.0643
Red 1.7083 1.7554 0.8307
White 1.0083 0.0020 1.0073
Pink 1.3583 0.4393 1.1387

Table 4. Mean, variance and volatility adjusted return of the four simulated investments in the

dice game.
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At this point, the class still lacks away of anticipaing the success of Pink andthefailure
of Red. Theanswer liesin findng an expression that combines the mean with thevariance to
shows how variation eats away at thevalueof an investment. Because it reflects how variation
(or volatility) diminishes the value of an investment, we refer to this adjuged return as the
volatility adjusted return. Thisisaso known in Finance asthelongrunreturn onan
investment. Theformulafor computing thevolatility adjuged returnis smple:

Volatility-adjuged return = Long-Run Return
= Expected Return B(Variance of Return)/2
Thependty for variation,! of thevariance, is sometimes called the volatility drag.

Thelast column of Table 4 showsthevolatility adjuged return for Green, Red, White
and Pink. Notsurprisingly, Pink is mog attractive, with more than twice thevolatility adjused
return of the stock market. On the other hand, thevolatility adjusted return for Red islessthan
1, showing tha it ultimately loses value Even though Red loses valuefor mod teams, mixing it
with White reduces the variance and produces a hugewin. (Asalittle follow-up exercise, you
might want to have students congder thefollowing What isthe optimal mix of Red and White?
That is, wha propationsof Red and White produe the highest volatility-adjuged return?)

Depending onthelevel of theclass, we spend more or less time describing the origins of
theformulafor thevolatility adjuged return. After all, the units of the mean and variance do not
match so it seems oddto subtract onefromtheother. Inanintrodudory classtha has covered
discrete randomvariables, we can get thisformulafor thevolatility drag from our ssimple
example of variationin changesin salary. Think of thechangesin salary asarandomvariable,
with hdf of theprobability onareturn of 1.1 (up 10%) and the other hdf on 0.9 (down 10%y.
The expected value of thisrandomvariableis 1, and its variance is 0.1 = 0.01. Now look back
a theintrodudory example. Thesalary dropped by 0.5% per year, effectively returning 0.995
which isprecisely 1 B! (0.01). When corrected for volatility, each year of employment reduces
thesaary by hdf of thevariance of the percentage changes even thoughthe expected return is
1.

For an advanced undegradude class in mathematical statistics or probability, we take
this much further. Althoughwe seldomuse this material in an introdudory class, we have
foundit useful to explain volatility drag to more interested students who are surprised to see the

importance of variousapproximationsthat they have seen in better calculuscourses. This



Being Warren Buffet 16

explanaion amount to developing an approximation to the geometric mean usngthefirst two
moments of theundelying randomvariable, herethereturns (An accessible summary of this
and related approximations as well asthar usein evaluding investments, appearsin Young
and Trent 1969) Labd theinitial valueof an investment as Wy; W, = $1000in the dice game.
Labd thereturn onan investment, say Red, duringyear ¢ as R,. Thevaueat theend of thefirst
year is W1 = Wy R1. By theend of year T thevalueis

Wt = Wo R1 R, @&Rr
Taking logsconvets this produd to a sum tha holdsan average

:
logW, =logW, + ¥ logR

t=1
.
Elog R
=logW, + T x ”IT

~logW, + T x ElogR,
Thelast approximation only appliesfor large T by theweak law of largenumbers. The
expected value E log R, is called the expected log return in Finance, yet another name for the

longrungrowth rate. To arrive at thevolatility drag, we use thefamiliar approximation
2
log(Ll+ X) = X — x
2
andwrite R, =1+ r. (Somealso call rithereturn, adding to the confuson between returnsand
percentage changes.) If we denote E r = i, and Var R, = #2,, then the approximation to thelog
allows uswrite
ElogR, = Elog(1+71,)
$ 2!
" E& #
% 2{
* 2

2
Because rr issmall in practice, Var(r,) = E v’ — (E )’ $ E r/. Thusthevalueof thisinvestment

u, #

after T periodsis approximately
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W, =W, (e“r'“f’z)T

~ W0(1+ u -o?’ /2)T

~W,(ER, -Var(R)/2)"
It is useful to compare this expression to the expectationitself, namely £ W, = Wy (E Ry)'.
Alternatively, onecan avoid these approximationsby making the strong assumption tha returns
follow alognamal distribution. That argument, however, requires an assumption aboutthe
distribution of thereturnsthat is hard to verify in practice. For students who have studied
econonics and utility theory, it may also be useful to oberve that maximizing the geometric
mean is notuniversaly optimal (Samudson 1971) Findly, inavery advanced class, onecan
use this discussion to motivate theimportance of the ShannonBrieman-MacMillan theorem (for

example, see Chapter 15, Cover and Thomes 1997). But wed notdo tha herel

4. Conclusion

Wha aboutthose Warren Buffetts?

We developed this ssimulation to show off theimportance of thevariance in assessing the
longterm valueof investments. Pink illugrates how onecan gan postive longrunreturnsby
designing a portfolio that sacrifices expected retumsto reduce thevariance.

Having used this smulation in undegraduae and MBA classes for several years at
Wharton, we have come to appreciate the important message conveyed by the Warren Buffetts
of theclass. These are thefew teams thd, unlike mog others, end the simulation with Red
reachinginto themillions It comes as quite asurprise to therest of the class to discover, aswe
collect thefind vaues fromtheteams, tha some of ther classmates have had hugesuccess
with Red. Thedifferences are notdighteither. For ateam whose $1000in Red has shrunkto
pennies, it seems impossible that another team@ investment in Red is worth more than
$10000000at theend of thesimulation. After all, they al used the same rulesto find thevalue
of Red. Indeed, we formerly ran thesmulationlonge, hoping tha volatility would wipe out
these lucky winnas. We have, however, come to realize tha these surprises allow usto present
the students with an important question.

Wha makes them bdieve tha thereal Warren Buffett was notjud lucky? After all,
with millionsof investors seeking profits from thestock market, could it betha Warren Buffett
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smply @otlucky.O Thereisusudly consderable resistance from fans of the GDracle of
Omahaq but even they have to concede how difficult it isto separate a knowledgesble strategy
fromalucky strategy. In the dice simulation, all of theteams use the same GitrategyOfor Red
androlled thedice themselves,; nothing is hidden in a mysteriousrandomnumber generator.
They al start with $1000in Red, but only alucky few end the ssimulation appearing alot
smarter than theothers. Inthedice game, they can all see tha it was simply luck that produced
the Warren Buffetts.

We are careful notto say that Warren Buffett became successful by sheer luck. After
all, much of hisreputation was earned by conservative investmentsin established companies,
such as Coca-Cola, that others had overlooked. We ssimply point out the difficulty in separating
skill fromluck, a problem tha bedevilsinvestors in hedgefundsand requires methodsoutside

the scopeof this pgper tha we plan to describe elsewhere.
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Figure 4. Timeplots of the values of four simulated investments in the dice game. The outcomes

depict the typical results of the simulation.
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Figure 7. Timeplot of inflation-adjusted monthly returns for stocks (gray) and Treasury Bills.



